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This	chapter	describes	simple	real-world	systems	that	exhibit	various	forms	of	
behavior	including	chaotic.		They	are	most	interesting	when	chaotic	so	videos	on	the	
web	almost	always	show	them	that	way.		The	technical	literature,	which	examines	
the	math	behind	them,	does	not	seem	to	give	equal	attention	to	each.		The	Lorenz	
equations	and	the	Lorenz	waterwheel	-said	to	behave	like	them-	are	extensively	
covered	in	textbooks	and	articles.		There	is	remarkably	little	on	the	double	
pendulum	and	magnetic	pendulum.		I’ve	focused	on	the	double	pendulum	because	
it’s	intuitively	easier	to	understand	and	there’s	a	nice	Java	model	for	exploring	it.	
	
Although	several	systems	are	described	below	their	behavior	is	similar	in	
fundamental	ways.		All	oscillate.		Most	can	oscillate	chaotically.		There	are	common	
or	generic	aspects	of	their	behavior.		
	
Explanations	and	videos	of	these	are	numerous	on	the	web.	Some	good	ones	are	
cited.		
	
Before	going	further	I	recommend	these	sophisticated	videos	about	chaos.		They	
give	a	broad	semi-technical	feel	for	the	complexity	of	this	subject.		The	first	shows	a	
large	number	of	billiard	balls	all	apparently	moving	chaotically	and	taking	different	
paths	if	hit	slightly	differently.		It	also	shows	three	planets	in	motion	at	t=10.	:	
https://www.youtube.com/watch?v=c0gDLEHbYCk		The	second	is	similar	and	also	
worth	watching.	https://www.youtube.com/watch?v=_xfi0NwoqX8		
	
	
3.1	Double	pendulum	
	
	The	double	pendulum	is	one	of	the	simplest	systems	that	exhibits	various	forms	of	
behavior	including	chaos.		It’s	extensively	analyzed	in	this	book	by	using	a	computer	
simulation.			
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The	author’s	home-made	double	pendulum,	is	shown	below.	
	

	
	
The	best	live	demo	of	a	double	pendulum	I’ve	found	was	made	by	Strogatz	a	noted	
expert	in	chaos	theory.	Its	found	here:	
https://www.youtube.com/watch?v=anwl6OZ1UuQ&ebc=ANyPxKpVTVQJGdaxEk1
AvyBgCXkKdrV2SKjzJxpQGeBiMpxM3F4p8oCYU4_XDCVkTD1h_nlkssunljJ-
FHl56FRZdGc1wGEPWg		It	not	only	shows	the	pendulum	in	motion	but	also	
demonstrates	its	“sensitive	dependence	on	initial	conditions”	or	SDIC.	
	
These	videos	show	precision	double	pendulums	that	were	set	in	motion	with	a	very	
energetic	push	that	inserted	a	considerable	amount	of	energy	into	the	system.		
When	both	arms	are	high	and	moving	slowly	most	of	this	energy	is	potential	energy,	
but	as	they	drop	PE	converts	to	kinetic	energy	making	the	arms	spin	faster.			
https://www.youtube.com/watch?v=z3W5aw-VKKA	and	
https://www.youtube.com/watch?annotation_id=annotation_632684&feature=iv&
src_vid=z3W5aw-VKKA&v=vjVQWG7xUQk		
	
	
What	to	look	for:	The	easiest	aspects	of	chaotic	behavior	to	observe	by	watching	
the	pendulum	in	action	are	reversals	in	the	small	pendulums	direction	of	rotation,	
or	it’s	transitions	between	swinging	and	rotating.		Other	parameters	such	as	angles,	
elevation,	and	rates	of	rotation	are	also	changing	but	they	happen	so	fast	they	are	
not	readily	observed.	The	key	point	is	that	all	these	changes	in	behavior	happen	in	a	
seemingly	random	manner	when	the	system	operates	chaotically.			Sometimes	the	
small	pendulum	rotates	once	or	twice	times	before	stopping	or	changing	direction.	
other	times	it	rotates	longer.		The	intervals	between	it	going	over	the	top	appear	
random.	
	
When	watching	the	double	pendulum	one	feels	that	each	arm	is	trying	to	do	its	own	
thing,	namely	swing	like	a	simple	pendulum	following	its	own	natural	rhythm.		
Unfortunately	the	other	arm	isn’t	quite	in	sync	and	continues	to	disturb	that	rhythm.		
Sometimes,	like	well-timed	pushes	on	a	child’s	swing,	arm	A	boosts	what	Arm	B	is	
trying	to	do	naturally.		Other	times	the	pushes	or	pulls	are	out	of	sync	and	the	forces	
fight	each	other.		Often	–and	its	best	observed	when	the	upper	arm	is	swinging	back	



	

3-3	

and	forth-	it	looks	like	the	inner	arm	is	slinging	or	whipping	the	outer	arm	around.		
Thus	we	tend	to	see	a	short	series	of	orderly	back	and	forth	swings	where	the	outer	
arm	swings	a	bit	more	each	time	until	it	finally	gains	enough	energy	to	make	a	
complete	revolution.		There	is	a	feeling	that	energy	is	surging	back	and	forth	(it	is)	in	
some	wavelike	manner.	When	running	at	fairly	low	energy	note	how	the	inner	arm	
is	often	hanging	nearly	straight	down	and	is	motionless	–and	thus	contains	little	
energy-	when	the	outer	arm	swings	over	the	top.		This	indicates	the	inner	arm	has	
transferred	its	energy	to	the	outer	arm.		Its	hard	to	see	but	the	outer	arm	spins	
fastest	when	the	inner	arm	is	low	and	almost	still,	meaning	its	transferred	most	its	
energy	to	the	outer	arm.	
	
Computer	simulations	use	point-mass	bobs	rather	than	metal	arms.		The	trails	left	
by	the	lower	or	outer	bob	often	look	like	this:	
	

	
	
The	image	below	shows	how	the	speed	of	the	two	bobs	varies	over	time..		Note	how	
irregular	these	waveforms	are.		The	system	was	very	likely	chaotic	in	this	run.			
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Its	useful	to	look	at	long-	term	waveforms	as	well	as	short-term	ones	like	above	
because	it	may	take	a	relatively	long	time	for	a	pattern	of	behavior	to	repeat	and	
allow	us	to	conclude	the	system	is	periodic.		Or	show	it	isn’t.		Figure	28	shows	two	
long-term	waveforms	from	one	of	the	author’s	simulations.		They	record	how	the	
amount	of	kinetic	energy	in	the	lower	bob	varies	over	time.		KE	is	of	course	
proportional	to	speed	so	a	plot	of	speed	would	look	the	same.		The	upper	plot	was	
made	by	releasing	the	arms	at	a	low	angle	thus	imparting	a	relatively	low	amount	of	
energy	into	the	system.		Obviously	there	is	a	regular	repetitive	pattern	to	this	
behavior.	The	first	peak	at	t=10	is	seen	again	at	t=30	and	t=50	showing	that	the	
general	behavior	is	periodic	with	a	period	of	about	20	seconds.	Any	small	
differences	to	the	heights	of	the	different	peaks	are	not	obvious,	although	they	exist.		
The	lower	waveform	reflects	strongly	chaotic	behavior.		Calm	periods	are	randomly	
interrupted	by	high	spikes.		This	is	a	typical	chaotic	waveform.		If	other	systems	
behave	this	way	it	says	we	shouldn’t	get	complacent	during	periods	of	calm	because	
they	might	suddenly	end	with	unpredictable	and	violent	spikes.		
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The	simulation	model	I	used	can	simulate	energy	levels	high	enough	to	make	the	
system	chaotic	but	not	really	high	levels	where	the	arms	rotate	rapidly	like	an	
airplane	propeller.		With	a	violent	swing	the	author	could	probably	put	ten	or	fifty	
times	more	energy	into	his	home	made	pendulum	than	the	simulation	model	could	
demonstrate.		Its	not	clear	whether	this	would	result	in	chaotic	or	periodic	motion.		
The	arms	seemed	stay	more	or	less	aligned	and	rotate	rapidly	like	an	airplane	
propeller	and	thus	appeared	periodic.		On	the	other	hand	they	may	have	wobbled	a	
bit	and	thus	been	chaotic.		Clearly	after	slowing	a	bit	the	seemingly	smooth	rotation	
broke	up	and	the	arms	became	violently	chaotic.		

Fig	28		Regular	versus	
chao2c	waveforms	
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SDIC:	When	two	identical	double	pendulums	are	released	from	almost	but	not	
exactly	the	same	position	their	behavior	starts	out	being	nearly	identical	but	over	
time	it	diverges	so	-at	any	given	instant-	the	arms	are	in	very	different	positions.		
This	shows	up	clearly	in	these	videos:	
https://www.youtube.com/watch?v=MtJLhb9yaPc	and	
https://www.youtube.com/watch?v=LfgA2Auyo1A	
	
I	have	a	lot	more	to	say	about	its	SDIC	in	Chapters	7,	8,	and	9.	
	
	
Links:		
Other	nice	animations	of	double	pendulum:	
http://www.clausewitz.com/mobile/chaosdemos.htm#3Body	
https://search.yahoo.com/yhs/search?p=double+pendulum&ei=UTF-
8&hspart=mozilla&hsimp=yhs-001	
https://www.youtube.com/watch?v=QXf95_EKS6E	
	
These	sites	also	show	double	pendulums	in	action:	
https://www.youtube.com/watch?v=zdW6nTNWbkc		This	is	a	precision	built	
version	with	very	good	bearings.	
http://www.clausewitz.com/mobile/chaosdemos.htm#DblPend	(lab	demo	by	
Strogatz)	
https://www.youtube.com/watch?v=U39RMUzCjiU	
https://www.youtube.com/watch?v=QXf95_EKS6E	
https://www.youtube.com/watch?v=_i3WqnejOQk	
https://www.youtube.com/watch?v=WMPOvmozGMc	This	version	has	three	arms.	
http://scienceworld.wolfram.com/physics/DoublePendulum.html fine animation or 
trace of the bobs 
http://groups.physics.northwestern.edu/vpl/mechanics/pendulum.html	Java	sim	
model	for	double	pendulum	but	with	few	controls	or	plots	so	can’t	replicate	what	
Dooling	model	will	do.	
	
For	amusement	watch	the	video	at	this	site	called	“complex	adaptive	systems”.	Yes,	
It	has	nothing	to	do	with	the	double	pendulum	but	shows	another	type	of	systems	
behavior	that	is	related	to	fish	schooling,	birds	flocking	and	other	such	self-
assembling	systems.	
http://www.clausewitz.com/mobile/chaosdemos.htm#DblPend	
	
This	“pendulum	wave”	toy	exhibits	complex	changes	in	behavior	as	friction	slowly	
slows	its	oscillations.		Sometimes	the	balls	self-organize	into	nice	shapes,	at	other	
times	they	don’t.		Another	example	of	how	complex	dynamic	behavior	can	be.		See:	
https://www.youtube.com/watch?v=yVkdfJ9PkRQ	
	
	
	



	

3-7	

3.2	Magnetic	Pendulum	
	
The	author’s	magnetic	pendulum	is	shown	below.		The	base	contains	three	strong	
magnets	and	there’s	a	steel	nut	on	the	end	of	the	pendulum.		The	nut	is	attracted	to	
each	magnet	but	also	to	the	center	position	by	earth’s	gravity.		Its	a	5	body	system	
where	each	body	influences	each	of	the	others	via	the	gravitational	or	magnet	forces	
between	them.		The	5	bodies	are	the	bob,	earth,	and	the	three	magnets.	
	

	
	
	
A	simulation	model	was	used	by	the	author	to	plot	the	trace	left	by	the	pendulum.		It	
can	model	three	pendulums	and	superimpose	the	trail	left	by	each.		It	found	at:	
http://demonstrations.wolfram.com/PendulumWithThreeMagnets/	(need	install	
CDF	Player,	then	“download	demo	at	CDF”	and	open	with	CDF	player.		Click	+	next	to	
time	slider	to	get	start,	pause	and	stop	controls)	
	
The	screenshot	below	shows	the	trajectories	of	three	bobs	released	from	
considerably	different	heights	so	they	start	with	very	different	amounts	of	
gravitational	PE.		They	differ	in	magnetic	PE	as	well.		Each	trajectory	starts	where	
the	bob	was	released.		The	pattern	of	movement	depends	greatly	on	the	height	of	
release	or	initial	potential	energy.		Red,	released	close	to	a	magnet,	had	little	GPE	so	
it	couldn’t	escape	the	magnetic	“well”	around	its	magnet.		Nonetheless	the	distance	
between	it	and	the	magnet	appears	to	vary	irregularly	because	its	orbit	was	altered	
by	the	other	magnets.		Arguably	its	moving	chaotically.		Blue	and	green	have	enough	
energy	(inertia)	to	blast	through	the	magnetic	wells,	which	continually	distort	their	
path.		They	move	from	one	magnet	to	another	in	random	and	probably	chaotic	
manner.		Since	green	has	more	energy	or	speed	its	course	is	less	bent	by	the	
magnets	it	passes.		

Its	easy	to	see	how	the	sinuous	path	followed	by	the	pendulum	bob	would	produce	
waveforms	for	the	various	variables	that	oscillate	up	and	down	reaching	highs	and	
lows	of	different	magnitude	in	random	manner.			The	variables	might	include	speed,	
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angle	of	the	arm,	distance	of	bob	from	the	center,	or	distance	between	the	bob	and	
some	magnet.	

	
	
	
	

	
	
The	magnet	pendulum	computer	models	I	found	did	not	produce	waveforms	or	
phase	space	plots,	nor	did	I	find	any	in	the	literature.			
	
There	are	numerous	videos	on	web	showing	a	system	like	this	in	motion:	
https://www.youtube.com/watch?v=vFdZ9t4Y5hQ			
https://www.youtube.com/watch?v=uIZG2MyEu0A	
https://www.youtube.com/watch?v=hTe6tRPROjI	



	

3-9	

https://www.youtube.com/watch?v=Qe5Enm96MFQ	(go	to	midpoint	of	video)		
	
	
	
3.3	Lorenz	waterwheel	
	
The	Lorenz	waterwheel	is	another	classic	example	of	a	simple	system	that	behaves	
chaotically.		It	operates	periodically	–that	is	rotates	in	one	direction	at	a	constant	
speed	when	the	water	flow	into	the	wheel	is	fairly	slow.		At	higher	flow	rates	it	
behaves	chaotically.		It	changes	speed,	oscillates	back	and	forth	from	CW	to	CCW	
rotation,	and	then	reverses	direction	in	a	seemingly	random	manner.		At	still	higher	
inflow	rates	it	reverts	to	constant	unidirectional	rotation.	
	
Its	behavior	has	been	extensively	studied	in	a	mathematical	sense	but	the	root	cause	
of	chaos	in	this	system	has	never	intuitively	explained	to	the	author’s	knowledge.	
There	are	statements	saying	things	like:	the		difference	in	weight	of	the	water	on	the	
left	versus	right	side	of	the	wheel	exerts	a	torque,	which	will	either	slow	or	increase	
its	rotation	rate.		
	
At	any	given	instant	the	Lorenz	waterwheel	is	essentially	a	pendulum	because	the	
weight	of	water	on	one	side	differs	from	that	on	the	other	side	thus	forming	a	virtual	
pendulum	bob	which	wants	to	swing	to	a	lower	position.		Its	complex	because	the	
virtual	bob	is	moving	around	the	rim,	including	switching	from	one	side	to	the	other	
in	a	way	that’s	very	difficult	to	visualize.	Its	mass	is	also	changing.	
	
The	waterwheel	is	a	so-called	dissipative	system	because	energy	is	lost	during	its	
operation,	both	by	water	taking	PE	with	it	when	it	drips	out,	and	by	friction	in	the	
bearings	and/or	a	partly-applied	brake.		However	new	water	injected	at	the	top	
provides	a	continuing	input	of	new	PE.	
	
The	two	photos	below	shows	a	home-made	versions.	
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Watch	this.		It’s	a	video	of	a	laboratory	version	in	operation,	along	with	excellent	
explanation	by	Strogatz.		Go	to:	https://www.youtube.com/watch?v=7iNCfNBEJHo			
	
The	pic	below	of	another	lab	waterwheel	is	taken	from	a	thesis	by	Rachel	Fordice:	
http://www.reed.edu/physics/faculty/illing/campus/pdf/RachelThesis09.pdf		This	
thesis	includes	a	good,	easy	to	read,	intro	to	chaos	and	the	waterwheel.	
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Chaotic	oscillation:	The	image	below	shows	how	the	speed	of	the	waterwheel	
changes	when	it	operates	chaotically.		Plus	values	show	speed	in	one	direction.		
Minus	values	show	speed	in	the	opposite	direction.		Note	the	random	reversals	and	
the	random	number	of	ever	more	intense	oscillations	between	them.		It	other	words	
the	waterwheel	got	closer	and	closer	to	stopping	on	each	cycle	until	it	reversed.		
This	image	is	from	a	thesis	by	Fordyce	found	at:	
http://www.reed.edu/physics/faculty/illing/campus/pdf/RachelThesis09.pdf			
This	thesis	involved	building	a	real	waterwheel	in	the	lab	and	seeing	how	closely	it	
replicated	the	Lorenz	equations.		It	also	does	an	excellent	job	developing	the	math	
behind	the	waterwheel	and	mapping	the	Lorenz	equations	to	the	waterwheel	
equations.			
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The	behavior	of	the	Lorenz	waterwheel	is	described	by	the	famous	Lorenz	
equations.		In	them	just	three	variables	are	needed	to	describe	the	status	of	the	
system.		The	diagram	below	shows	how	these	variables	change	or	oscillate	over	
time.	
	

	
	
The	system	was	chaotic	when	the	following	chart	was	made.		(Source:	Ca2,	p318.)	
Note	that	the	oscillations	grew	steadily	more	intense	until	the	trace	crossed	the	
centerline	from	minus	values	to	plus	values.		Crossing	that	line	meant	the	water-
wheel	reversed	direction.			
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The	small	oscillations	in	this	plot	represent	relatively	gently	rocking.		So	in	this	
system	it	appears	that	rocking	oscillations	build	steadily	in	intensity	until	something	
dramatic	–	in	this	case	a	change	in	rotation	direction-		happens.		That	growing	
oscillation	gives	warning	that	the	dramatic	event	is	about	to	happen.		
	
In	contrast	the	waveforms	for	the	double	pendulum	waveform	(See	Figure	28)	and	
the	spring/mass	molecule	–shown	later-	show	no	obvious	sequence	of	ever-growing	
oscillations	preceding	the	dramatic	events.		It’s	hard	to	derive	a	useful	message	from	
these	conflicting	examples	of	chaotic	waveforms.		In	one	system	behavior	seems	
somewhat	predictable,	in	the	others	it	doesn’t.		It’s	also	an	example	why	its	so	hard	
to	identify	generic	behaviors	that	are	common	to	all	dynamic	systems.		
	
	
Lorenz	butterfly:	Since	there	are	just	three	oscillating	variables	they	can	be	plotted	
using	a	3-D	phase	space	diagram	as	shown	below.		When	the	system	is	chaotic	the	
plot	looks	like	a	butterfly.			
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This	“Lorenz	butterfly”	is	perhaps	the	most	iconic	image	of	chaos.			It	appears	in	
virtually	every	popular	article	or	book	about	chaos	plus	most	textbooks.		Technically	
its	called	a	strange	attractor.		Its	said	the	lines	can	never	intersect	but	rather	any	
new	trace	must	fit	between	the	older	ones.		That’s	possible	because	there	are	an	
infinite	number	of	numbers	between	say	zero	and	one.		Experts	get	into	fractals	
when	treating	this	subject,	but	that	complexity	is	out	of	scope	for	our	purposes.			
When	the	water	inflow	to	the	waterwheel	is	low	it	doesn’t	necessarity	oscillate	
chaotically.			
	
A	few	good	computer	simulations	showing	the	moving	dot	trace	out	the	butterfly	
are	found	at:	
	

This	is	one	of	the	better	uTubes	showing	the	moving	dot	tracing	the	butterfly	
and	it	also	shows	how	this	relates	to	the	waveforms:	
https://www.youtube.com/watch?v=6i57udsPKms	
	
Here	are	some	others:		
https://www.youtube.com/watch?v=8z_tSVeEFTA	
https://www.youtube.com/watch?v=gOFrT-DGStI	
https://www.youtube.com/watch?v=TfnKzaGguaE	
	
	
This utube shows the three waveforms and the attractor all developing at 
the same time. It also shows SDIC as the waveforms that initially lie atop 
each other later diverge. https://www.youtube.com/watch?v=6I-sa4mSkgo 
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The	variables	–as	show	in	the	butterfly-	interact	in	a	coordinated	manner	and	they	
must	at	all	times	be	somewhere	along	the	line,	also	called	a	trajectory	or	trace.	
When	the	system	is	chaotic	the	moving	dot	circles	around	a	few	times	in	one	wing	
then	traverses	over	to	circle	in	the	other.	When	the	trace	switches	from	one	wing	to	
the	other	it	indicates	that	the	waterwheel	has	changed	direction.		
	
This	behavior	does	not	appear	very	chaotic	(although	it	actually	is)	since	the	trace	
goes	round	and	round	in	an	orderly	and	predictable	manner.		What’s	random	is	
when	it	suddenly	leaves	one	wing	for	another.		That	happens	on	random	intervals.		
Another	sign	of	chaos	is	that	the	variables	never	return	to	the	same	exact	values	
they	had	before.		In	other	words	the	lines	in	the	butterfly	never	cross.		Each	new	line	
must	fit	between	prior	lines.		Experts	explain	this	in	terms	of	fractals.		I’ll	omit	that.		
It’s	well	covered	elsewhere	and	out	of	scope	for	our	purposes.	

	
Non-chaotic	oscillation:		The	system	has	various	types	of	behavior	depending	on	
how	various	parameters	are	set.		According	to	Strogatz	those	behaviors	can	vary	in	a	
very	complex	manner.	(Ca2,	p.330+)	
	
The	following	four	images	show	how	the	behavior	of	the	Lorenz	equation	and	the	
actual	waterwheel	changes	as	the	“driving	force”	is	increased.		I	believe	the	“driving	
force”	is	the	difference	between	the	rate	water	is	added	at	the	top	and	the	rate	it	
drips	out,	as	well	as	friction	applied	by	a	brake.		In	either	case	I	believe	its	
proportional	to	the	total	energy	in	the	system.			
	
The	first	image	shows	the	system	oscillating	perfectly	periodically	such	that	each	
crest	in	the	waveform	has	the	same	height.		This	means	the	wheel	is	rocking	back	
and	forth	an	equal	angle	each	time.		This	is	called	period-1	oscillation	and	its	
obvious	because	the	trace	follows	a	single	line	time	after	time.		When	the	driving	
force	reaches	a	critical	value	the	single	line	begins	rather	quickly	to	separate	into	
two,	meaning	that	every	other	peak	in	the	waveform	has	exactly	the	same	height.		
This	is	period-2	oscillation.		The	third	image	shows	period-4	oscillation.	The	final	
image	shows	the	system	operating	chaotically.		That’s	obvious	since	over	time	the	
pattern	fills	in	the	entire	available	area.		No	two	peaks	are	ever	exactly	the	same	
height,	although	they	may	come	very	close.		No	two	patterns	are	ever	exactly	the	
same.		The	waveform	of	any	variable	like	X	is	aperiodic.		These	images	were	made	
by	the	author	using	a	simulation	model	at:	
http://amath.colorado.edu/faculty/juanga/3DAttractors.html	
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SDIC:	The	image	below,	also	from	the	Fordyce	thesis,	shows	how	sensitive	the	
downstream	waveform	is	to	very	small	differences	in	the	initial	conditions	when	the	
system	is	chaotic.		The	green	trace	was	made	with	one	of	the	initial	conditions	at	
some	specific	value.		The	blue	trace	resulted	when	that	condition	was	changed	just	a	
tiny	bit.		(See	wording	below	the	chart	to	see	how	much)		Source:	
http://www.reed.edu/physics/faculty/illing/campus/pdf/RachelThesis09.pdf	
	
If	this	were	a	20-day	weather	forecast	of	temperature	for	say	Kansas	city	its	obvious	
that	a	small	error	when	programming	the	forecast	model	would	not	affect	the	
accuracy	of	the	near-term	forecast	but	the	different	waveforms	on	right	show	it	
would	greatly	affect	the	long-term	forecast.		We	wouldn’t	know	which	was	right,	the	
blue	line	or	the	green	line.	
	

	
	
Other	links:		
This informative video relates the Lorenz attractor to the weather: 
https://www.youtube.com/watch?v=SlwEt5QhAGY 
http://nullprogram.com/ChaosWheel/ shows amount of water in each cup buts 
that’s all 
	
The	following	uTube	videos	show	Lorenz	waterwheels	in	operation.	
https://www.youtube.com/watch?v=zhOBibeW5J0	good,	has	plastic	cups	
https://www.youtube.com/watch?v=7A_rl-DAmUE		better,	bike	wheel	
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http://www.siliconsolar.com/building-a-lorenz-water-wheel/	
https://www.youtube.com/watch?v=SlwEt5QhAGY		Sophisticated	video	linking	
animation	of	waterwheel	and	Lorenz	equations	to	weather.	Also	demonstrates	SDIC.		
	
Here	are	some	simulation	models	you	can	experiment	with:	
http://www.aw-bc.com/ide/idefiles/media/JavaTools/lrnzphsp.html shows 
circulation, has phase space plot and waveforms over a few seconds.: 
http://amath.colorado.edu/faculty/juanga/3DAttractors.html	Doesn’t	have	
adequate	controls	or	plots	
This	is	a	neat	Java	simulation	of	water	wheel.	You	can	change	the	parameters.	
Accept	the	risk	to	start	it,	then	it	runs	fine:	
http://people.web.psi.ch/gassmann/waterwheel/Wwheel1.HTML	
	
http://demonstrations.wolfram.com/LorenzsWaterWheel/ lacks adequate controls 
and plots. (wouldn’t run smoothly) 
http://www.cmp.caltech.edu/~mcc/chaos_new/Lorenz.html this applet plots the 
butterfly with two traces to demo SDIC.  Treats equation only, not waterwheel.   
	
	
	
3.4		Planets		
	
Although	the	planets	in	our	solar	system	have	almost	circular	orbits	they	do	interact	
gravitationally	and	disturb	each	others	orbits	just	a	bit.		It	appears	the	solar	system	
may	be	chaotic.		
	

“Chaos	is	ubiquitous	in	celestial	mechanics.	In	the	solar	system,	chaotic	
interactions	with	the	planets	shape	the	structure	of	the	minor	bodies,	
including	the	asteroid	belt	and	the	Kuiper	belt	(Lecar	2001)”	
http://w.astro.berkeley.edu/~echiang/students/thesis.pdf	

	
A	book	by	Peterson	called	Chaos	in	the	Solar	System	seems	to	have	the	same	opinion	
although	I	couldn’t	find	where	it	said	so	explicitly.	(Ca3)	
	
The	best	introduction	to	chaos	in	planetary	behavior	is	to	view	two	videos	showing	
how	three	gravitationally	attracting	bodies	move	in	space.		See:	
https://www.youtube.com/watch?v=VX9IdCnNWJI	
and	https://vimeo.com/11993047	
	
	
The	3-Body	problem:	Mathematicians	have	studied	the	complex	and	not	fully	
understood	dynamics	of	simple	little	3-body	systems.			Apparently	they	have	
concluded		that	all	such	interactions	involving	3	or	more	bodies	are	chaotic.		The	
following	quotes	attest	to	this:	
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“Second,	in	general	for	N	>	2,	the	N-body	problem	is	chaotic”	
https://en.wikipedia.org/wiki/N-body_problem			
	
“the	three-body	problem	generally	becomes	analytically	unsolvable,	that	is,	
there	exist	no	general	formulas	that	describe	the	motion	and	permit	the	
calculation	of	positions	and	velocities	of	the	bodies	from	arbitrary	initial	
conditions.”	http://butikov.faculty.ifmo.ru/Projects/Collection.html		
	
“Since	Poincaré	there	has	been	a	lot	of	work	on	proving	that	such	chaotic		
behavior	occurs	in	the	three-body	problem.”	
http://www.math.umn.edu/~rmoeckel/presentations/PoincareTalk.pdf	

	
The	screenshot	below	is	from	an	animation	video	showing	the	motion	of	a	small	
planet	around	two	stars.	
http://www.clausewitz.com/mobile/chaosdemos.htm#DblPend		and	
http://www.clausewitz.com/mobile/chaosdemos.htm#3Body	
	

	
	
Under	certain	precise	conditions,	where	the	bodies	move	in	synchronization,	this	
system	can	behave	perfectly	periodically.		This	technical	site	contains	animations	of	
those	special	situations:	http://www.scholarpedia.org/article/Three_body_problem		
By	implication	all	other	configurations	are	chaotic,	as	would	be	true	for	any	system	
with	more	than	three	bodies.	
	



	

3-21	

This	N-body	simulation	video	shows	small	bodies	moving	erratically	and	colliding	as	
they	self-assemble	into	a	planet	or	star.		This	is	somewhat	unrealistic	in	that	they	
aren’t	embedded	in	a	swirling	disc	of	gas.			https://en.wikipedia.org/wiki/N-
body_simulation	
	
Discussions	of	the	three	body	problem	are	found	at:	
https://en.wikipedia.org/wiki/Three-body_problem	and	
http://www.sciencemag.org/news/2013/03/physicists-discover-whopping-13-
new-solutions-three-body-problem		and	http://www.ams.org/samplings/feature-
column/fcarc-orbits1	
	
For	more	on	the	three-body	problem	see:	(Ca7,	p.85+)	and	a	host	of	web	sites.	
	
NOTE:		As	a	non-expert	I	remain	confused	about	whether	all	systems	with	three	or	
more	parts	connected	by	non-linear	forces	are	always	chaotic,	or	just	chaotic	if	their	
internal	energy	level	is	high	enough.		The	statements	above	seem	to	say	they	are	
always	chaotic	but	don’t	say	so	explicitly.			On	the	other	hand	the	3-part	(earth	plus	
two	bobs)	double-pendulum	isn’t	chaotic	at	low	energy	levels,	and	I	don’t	think	the	
Lorenz	waterwheel	is	either.			
	
A	simulation:	Although	the	planets	in	our	solar	system	are	in	nearly	circular	orbits	
now	and	behave	in	an	almost	perfectly	periodic	manner	now	they	were	assembled	
by	collisions	of	planetesimals	that	were	definitely	not	behaving	so	nicely	when	the	
solar	system	formed.		Their	orbits	were	more	elliptical	and	they	disturbed	each	
other	gravitationally,	especially	during	close	encounters.		Indeed	chaos	is	found	
throughout	the	solar	system.	(ca3)	
	
Scientists	have	used	simulation	models	run	on	supercomputers	to	forecast	the	
movements	of	planets	over	the	next	few	billion	years.		Some	runs	show	that	some	
may	collide	in	a	billion	years	or	so,	especially	Mercury	with	Earth.		SDIC	and	other	
uncertainties	make	it	impossible	to	say	for	sure.		
	
The	screenshot	below	is	from	a	run	made	by	the	author	using	a	simulation	model	
called	My	Solar	System.		https://phet.colorado.edu/sims/my-solar-system/my-
solar-system_en.html		Its	been	much	used	and	appreciated	by	the	author.			
	
This	3-body	run	shows	the	complex	paths	taken	by	two	small	bodies	in	elliptical	
orbits	around	a	star.		The	two	bodies	continually	distort	each	others	orbits,	
especially	during	close	encounters	where	gravitational	attraction	between	them	is	
strongest.		Here	blue	has	just	been	ejected	from	the	solar	system	by	a	close	
encounter	with	red.		This	transferred	some	of	reds	kinetic	energy	to	blue.		If	each	
body	were	alone	it	would	oscillate	perfectly	periodically	around	the	star	but	when	
the	two	bodies	attract	the	oscillations	become	coupled	and	disturb	each	other,	thus	
leading	to	complex	waveforms	for	variables	like	distance	from	the	star	and	velocity.		
Most	runs	of	this	simulation	produce	collisions	until	only	one	planet	is	left.	
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Variables	like	the	speed	of	one	planet,	and	its	distance	from	the	star,	may	vary	
chaotically	because	this	is	an	“N-Body	system”	where	N	is	3.		
	
	

	
	
An	entertaining	and	enlightening	class	demo	using	a	rubber	sheet	to	show	how	
planets	orbit	is	found	at:	https://www.youtube.com/watch?v=MTY1Kje0yLg	
	
	
The	following	two	screenshots	are	also	from	My	Solar	System.	
https://phet.colorado.edu/sims/my-solar-system/my-solar-system_en.html	
	I	tried	to	get	these	planets	to	more	or	less	follow	each	other	in	an	orbit	around	their	
common	center.		The	first	screenshot	shows	their	initial	positions.	
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However	after	a	short	time	the	planets	had	followed	the	paths	indicated	below.		
Apparently	the	potential	energy	between	the	three	bodies	was	high	initially	but	in	
the	first	encounter	some	of	the	PE	between	red	and	yellow	was	used	to	throw	the	
red/yellow	pair	further	away	from	blue.		In	the	process	red	and	yellow	got	closer.		
When	blue	came	back	for	a	second	encounter	even	more	of	the	PE	between	red	and	
yellow	was	used	to	eject	blue	to	the	right	and	red/yellow	to	the	left.		
	
This	behavior	is	somewhat	counterintuitive.		One	would	expect	gravity	to	pull	the	
planets	closer	rather	than	end	up	sending	them	apart.		Indeed	may	configurations	
like	this	cause	them	to	collide.		However,	after	some	experimentation	with	positions	
and	speed,	this	particular	run	produced	something	more	interesting.		Basically	there	
was	PE	between	the	three	planets	at	the	beginning.		After	some	interaction	two	
bodies	did	end	up	closer	thus	reducing	the	PE	between	them,	but	that	PE	was	used	
to	send	blue	further	away.		Its	necessary	to	realize	that	gravity	falls	off	with	the	
square	of	distance	to	see	how	this	makes	sense.				
	
This	motion	is	arguably	chaotic.		Virtually	all	these	simulations	result	in	collisions	
and	or	ejections	after	a	short	time.		It	is	very	hard	to	get	the	three	planets	into	stable	
orbits.		One	could	envision	a	situation	where	they	all	traced	a	cloverleaf	like	pattern	
indefinitely	but	apparently	that	situation	is	very	unstable,	like	an	egg	on	end.				
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Very	sophisticated	simulation	models	of	the	solar	system	have	been	constructed	and	
run	on	supercomputers	in	order	to	predict	the	long-term	stability	of	the	solar	
system.		They	show	a	small	probability	–about	1%-	that	Mercury	will	collide	with	
Venus	in	the	distant	future,	and	this	could	then	cause	Venus	and	Earth	to	collide.		
http://www.scholarpedia.org/article/Stability_of_the_solar_system	
This	suggests	that	the	solar	system	has	not	yet	reached	its	lowest	energy,	most	
stable,	configuration.		
	
Please	note	that	when	one	of	the	bodies	in	a	3-body	system	is	far	larger	than	the	
others	it	changes	the	situation	into	what’s	called	a	“restricted	three	body	problem.		
This	apparently	makes	the	orbits	of	the	small	bodies	more	predictable	by	making	
“simplifications”	in	the	math.		With	such	simplifications	the	sun	dominates	behavior	
of	the	planets	and	keeps	them	from	interacting	as	wildly	as	they	do	in	the	3-body	
simulations	I	made	above	using	bodies	about	the	same	size.			
	
So	what?:	To	jump	way	ahead	in	this	story	and	say	why	I	think	this	stuff	matters	I	
think	its	likely	that	any	system	with	3	or	more	interacting	bodies	is	almost	always	
operating	more	or	less	chaotically	if	the	forces	linking	the	bodies	are	non-linear.		I	
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haven’t	seen	this	said	directly	in	the	technical	literature,	but	then	again	the	
literature	doesn’t	address	many	of	the	practical	implications	of	what	theorists	write	
about.		I	suspect	that	N-body	theory	applies	to	many	large	systems	of	practical	
import,	for	instance	ecological,	and	economic	systems.		They	have	many	parts	that	
obviously	exert	forces	on	each	other.		Perhaps	those	forces	are	non-linear	as	many	
experts	seem	to	believe.		If	so	there	is	a	theoretical	basis	for	suggesting	these	
systems	are	intrinsically	chaotic.			
	
	
3.5	Spring/mass	systems	

	
3.5.1	The	Neumann	molecule	simulator	
		The	best	spring	mass	simulation	model	for	my	purposes	is	one	developed	by	Erik	
Neumann	and	found	at:	
http://www.myphysicslab.com/springs/molecule/molecule6-en.html	
It	models	six	masses	connected	by	linear	springs.		It’s	set	in	motion	by	pulling	aside	
any	mass	using	the	mouse.		If	damping	is	turned	on	the	magnitude	of	the	oscillations	
will	die	down	and	the	system	will	come	to	rest	in	one	of	several	equilibrium	
configurations.		With	no	damping	the	oscillations	will	continue	undiminished	
indefinitely.		He	calls	this	a	“molecule”	and	indeed	it	does	approximate	the	internal	
behavior	of	one.		But	it’s	actually	a	generic	spring/mass	model.		
	
I	found	this	updated	model	late	in	the	game	while	finalizing	this	book.		I	think	it	
nicely	demonstrates	that	energy	can	momentarily	concentrate	in	or	one	part	in	a	
multi-part	dynamic	system	and	thereby	disturb	it	greatly.		Or	should	I	say	stress	
some	part	so	much	it	does	something	extreme.		Again,	I	am	thinking	how	this	type	of	
thing	might	help	explain	extreme	weather	events,	revolutions,	stock	market	crashes,	
and	spikes	seen	in	a	great	number	of	other	real-world	systems.		
	
Part	of	the	user	interface	appears	in	the	screenshot	below.		One	can	customize	
various	plots	like	the	one	at	left.		During	a	simulation	run	the	moving	masses	appear	
at	right.	
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The	screenshot	below	shows	how	the	velocity	of	mass#1	in	the	Y	direction	varied	
during	a	relatively	short	time	period.		It	showed	no	repetitive	aspect	and	looked	
chaotic.			
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This	isn’t	officially	chaos:		Over	a	longer	time	span	the	waveform	looked	like	this.		
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It	certainly	looks	chaotic	because	it	closely	resembles	the	waveform	of	the	double	
pendulum	when	its	chaotic.		The	key	thing	to	notice	is	that	the	speed	of	mass#1	
occasional,	and	seemingly	randomly,	spiked	in	value.		Just	before	each	spike	Mass#1	
had	been	displaced	far	from	its	equilibrium	position	so	the	springs	attached	to	it	had	
been	stretched	putting	a	great	deal	of	force	on	mass#1	and	giving	it	a	large	amount	
of	potential	energy.	The	spike	occurs	when	that	potential	energy	has	been	converted	
to	kinetic	energy	in	the	form	of	speed.	
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According	to	the	literature,	spring	mass	systems	with	linear	springs	can’t	oscillate	
chaotically	and	the	waveforms	represent	“super	position”,	which	means	the	various	
waves	simply	add	atop	each	other,	sometimes	canceling	sometimes	reinforcing.			
	
Nevertheless	this	result	is	potentially	important	because	it	shows	that	spikes	in	
behavior	can	occur	in	systems	that	aren’t	officially	chaotic	and	which	involve	linear	
forces.		I	don’t	know	if	experts	in	other	fields	have	determined	whether	the	forces	in	
their	systems	are	linear	or	not.		This	suggests	it	doesn’t	matter.		They	both	seem	to	
produce	waveforms	with	occasional	and	seemingly	random	spikes.			
	
Now	I	revert	to	runs	made	previously	with	an	earlier	version	of	this	model.		This	
screenshot	shows	the	molecule	in	one	of	its	equilibrium	configurations	prior	to	a	
run.		
	

	
	
When	one	mass	is	pulled	aside	and	released	the	system	begins	to	oscillate	with	
masses	moving	back	and	forth	up	and	down	in	random	fashion.		The	screenshot	was	
taken	when	they	were	moving	violently.		Note	how	far	the	springs	to	red	have	been	
stretched.		Red	has	considerable	potential	energy	in	this	position.		The	stretched	
springs	will	rapidly	accelerate	it	back	toward	the	others.			(If	red	were	a	corporation	
this	suggests	it	has	resources	-energy	of	some	sort-	and	the	forces	exerted	on	it	will	
cause	it	to	act	in	some	manner.)				
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The	waveform	below	shows	how	the	speed	of	mass	#0	changed	over	time.		Experts	
assert	that	that	spring/mass	systems	with	linear	springs	can’t	become	chaotic	but	
the	waveform	certainly	looks	that	way	in	this	particular	plot.		Whether	officially	
chaotic	or	not	this	is	a	real	system	and	it	produces	a	short-term	waveform	similar	to	
that	produced	by	the	double	pendulum,	a	known	chaotic	system.		Take	note	that	
sometimes	mass#0	oscillates	mildly	for	a	while	and	then	suddenly	moves	violently.		
This	is	a	characteristic	of	great	importance	IF	it	applies	in	large	natural	and	societal	
systems.		The	calm	period	is	bracketed	by	blue	lines.	
		



	

3-31	

	
	
The	partial	phase	space	plot	below	supports	the	notion	that	this	system	isn’t	
oscillating	in	a	repeatable	or	periodic	manner,	although	there	is	no	proof	this	
complex	messy	path	would	not	eventually	duplicate	time	after	time	if	the	simulation	
ran	longer.			
	
This	highlights	another	issue	when	dealing	with	chaos.		How	long	must	one	observe	
a	system	to	be	sure	its	behavior	will	never	repeat,	because	if	it	ever	does	its	periodic	
not	chaotic.		One	could	argue	that	if	it	doesn’t	repeat	in	a	reasonable	time	its	chaotic	
for	all	practical	purposes.	
	
This	is	how	the	partial	phase	space	plot	looks.		It’s	a	partial	plot	because	a	full	phase	
space	plot	must	have	as	many	dimensions	as	there	are	variables	in	the	system.	In	
this	case	any	given	atom	has	six	variables,	namely	its	position	and	velocity	in	each	of	
three	dimensions.		Obviously	we	can	plot	a	maximum	of	three,	but	partial	2-D	plots	
are	sufficient	to	show	if	a	system	is	periodic	or	not.		
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The	screenshots	below	are	from	the	latest	version	of	this		
	
	
Sudden	system	reconfiguration:	This	“Molecule”	model	demonstrates	another	
fundamental	systems	behavior	little	discussed	in	this	book	because	I’ve	been	
focused	so	much	on	oscillation.		Its	the	fact	that	systems	can	have	several	different	
stable	equilibrium	configurations,	and	if	disturbed	could	end	up	moving	from	one	to	
another.		In	other	words	one	configuration	could	be	destroyed	and	the	parts	re-
assemble	into	another.		A	very	crude	way	to	visualize	this	is	to	imagine	dropping	
about	6	marbles	into	an	egg	carton.		They	would	all	settle	into	pockets	and	form	
some	type	of	stable	pattern	analogous	to	way	atoms	are	arranged	in	a	molecule.	
However	if	the	carton	were	shaken	enough	they	would	pop	out	of	those	pockets	and	
settle	into	others.		
	
The	molecule	model	pictured	above	actually	has	up	to	eight	stable	configurations	
depending	on	how	stiff	the	springs	are.	If	frictional	damping	is	activated	in	the	
simulation	the	atoms	in	this	“molecule”	can	come	to	rest	in	any	one	of	them	after	
being	disturbed.	In	this	model	the	configurations	differ	in	terms	of	where	the	red	
atom	is	relative	to	the	green	atom	and	so	forth.			
	
The	notion	that	many	some	important	real-world	systems	could	be	in	fragile	
equilibriums	and	susceptible	to	radical	change	given	a	small	perturbation	seems	
very	important.	Its	arguably	the	case	on	the	eve	of	political	revolutions	like	the	
French	and	Arab	spring	revolutions.		One	challenge	is	knowing	how	close	we	are	to	
such	a	tipping	point.		I	wish	I	had	time	to	say	more	about	this	topic.	
	
	
3.5.2	Fabric	simulations	
	
Considerable	effort	has	gone	into	developing	computer	simulations	of	fabric	to	show	
how	it	drapes	around	other	objects	in	a	realistic	fashion.		These	are	easy	to	find	on	
uTube.		These	models	are	essentially	spring/mass	networks	that	have	been	refined	
to	behave	like	real	fabrics.		They	are	useful	for	our	purposes	because	they	can	
illustrate	how	disturbing	one	part	of	a	large	multi-part	system	can	send	waves	of	
change	that	surge	back	and	forth	in	the	system	eventually	disturbing	all	the	other	
parts.		They	make	those	waves	of	change	more	visible	than	the	molecule	simulations	
can	do.	
	
The	screenshot	below	is	from	a	simple	version	of	a	fabric	model	and	can	be	found	at:	
https://www.chromeexperiments.com/experiment/2d-cloth-simulation	or	
http://andrew-hoyer.com/experiments/cloth/		The	“fabric”	is	hanging	motionless	
from	three	points	in	this	screenshot.	
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The	advantage	of	this	model	is	that	the	user	can	grab	one	dot	(a	mass)	with	the	
mouse	and	pull	it	aside	to	start	the	action.		
	
The	image	below	is	taken	from	a	video	of	a	spring	mass	system	of	the	type	used	for	
simulating	fabris.		It	was	one	of	a	series	posted	by	Paul	Nathan.		See:	
https://www.youtube.com/watch?v=ib1vmRDs8Vw&t=18s	
And	https://www.youtube.com/watch?v=qOvb3WLAX0E		
	
This	screenshot	captures	a	wave	of	change	radiating	out	from	a	place	where	the	
network	was	disturbed.		
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Here	is	a	similar	one	but	the	user	can’t	animate	it:	
https://www.youtube.com/watch?v=S5Rhx_NUBGc	
	
	
Extras:		
	
Screenshot	below	is	from	a	cube	shaped	spring	mass	model	available	at	the	Wolfram	
site.		It	begins	oscillating	when	one	of	the	masses	is	displaced	but	hasn’t	the	plots	or	
controls	needed	for	analytical	work.	
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Another	Interactive	Cloth	Simulation,	by	Matthias	Wloka:		
http://www.paulsprojects.net/opengl/cloth/cloth.html		
	
Here	is	another	spring	mass	fabric	you	can	start	a	wave	in	by	moving	any	place	with	
the	mouse:	http://jlongster.com/s/lljs-cloth/	
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3.6		Molecules	
	
Molecules	consist	of	parts	connected	by	spring-like	electromagnetic	forces	so	it	not	
surprising	that	the	parts	oscillate	when	the	molecules	contain	energy	in	the	form	of	
heat	and	manifest	it	by	virtue	of	moving	parts,	just	as	the	double	pendulum	does.	
	
I	begin	with	a	quote:	

“In a turn of events that would have astonished anyone but N.Bohr, we 
now know that chaotic trajectories identical to those that govern the 
motion comets, asteroids, and spacecraft are traversed on the atomic 
scale by highly excited Rydberg electrons. This almost perfect parallel 
between the governing equations of atomic physics and celestial 
mechanics implies that the transport mechanism for these two situations 
is virtually identical...” 
http://www.iitk.ac.in/directions/directions_dec07/3jan~SRIHARI.pdf 

	
	
The	relevant	forces:	Computer	models	of	molecular	dynamics	apparently	range	in	
sophistication.		In	the	simple	ones	atoms	are	apparently	attached	to	each	other	by	
linear	springs	and	oscillate	harmonically	around	their	equilibrium	position	(see	
green	lines	in	image	below)	whereas	in	reality	the	forces	aren’t	linear	as	shown	by	
the	blue	lines	in	the	Morse	Potential	diagram	below.		
https://en.wikipedia.org/wiki/Morse_potential.		The	Morse	potential,	molecular	
oscillation,	the	“molecular	dance”,	and	their	relation	to	chaos	is	nicely	explained	at:	
http://www.iitk.ac.in/directions/directions_dec07/3jan~SRIHARI.pdf	
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This	seems	to	mean	two	things.		One,	since	the	real	forces	are	non-linear	the	
motions	in	molecules	with	3	or	more	atoms	are	probably	chaotic.		Second,	the	blue	
lines	show	that	if	a	molecule’s	energy	is	increased	enough,	for	example	by	raising	its	
temperature,	it	will	vibrate	so	hard	it	will	dissociate	or	fly	apart,	thus	allowing	
chemical	reactions	to	proceed.			
	
In	a	more	generic	sense	this	is	probably	the	basic	physics	behind	the	systems	
behavior	I	call	“sudden	reconfiguration”.		In	it	an	existing	system	breaks	apart	
because	the	bonds	holding	it	together	have	been	stretched	too	much.		After	breaking	
free	the	parts	reassemble	into	a	different	system.		In	this	case	a	different	molecule.	
	
In	some	of	the	simulations	shown	below	it	isn’t	clear	whether	the	models	used	
simple	linear	springs	(easer	to	deal	with	when	modeling)	or	non-linear	Morse	
Potential	forces.		And	some	seem	to	illustrate	just	one	mode	of	vibration	at	a	time	
whereas	in	reality	all	would	probably	be	coupled	and	chaotic.		
	
Note	that	there	are	a	variety	of	atomic	bonds	that	range	in	strength	from	strong	
covalent	bonds	to	weak	hydrogen	bonds.		Presumably	the	strong	bonds	form	first	
and	remain	while	the	weaker	bonds	form	last.				
	
Oscillation:		Atoms	within	molecules	oscillate.		The	following	screenshot	is	from	
an	animation	of	a	vibrating	benzene	molecule.	
https://search.yahoo.com/yhs/search?p=vibration+of+molecules+utube&ei=
UTF-8&hspart=mozilla&hsimp=yhs-001		or	at	
https://www.youtube.com/watch?v=HuSbLBDagdc	
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Screenshot	below	is	from	animation	of	vibrating	molecules:	
http://www2.ess.ucla.edu/~schauble/MoleculeHTML/SF6_html/SF6_page.html		
	

	
	
	
Watch	this	for	sure:		Screenshot	below	is	from	a	compelling	video	of	a	peptide	
molecule	in	the	final	stages	of	self-assembly	from	two	smaller	molecules.		I	believe	
this	is	what’s	happening:		Environmental	heat	injects	energy	and	keeps	the	atoms	
oscillating.		Waves	of	oscillation	alternately	stretch	and	relax	bonds	between	the	
strongly	bonded	atoms	at	core	causing	the	entire	configuration,	molecule	or	system	
to	flex	chaotically.		This	brings	outlying	atoms	together	momentarily	so	they	form	
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weak	hydrogen	bonds,	and	thus	sub-optimal	molecules.		These	don’t	survive	the	
next	chaotic	twist	of	the	molecules.		Through	trial	and	error	enough	weak	bonds	
form	to	eventually	create	a	stable	Peptide	molecule.				
https://video.search.yahoo.com/video/play?p=youtube+Simulation+Molecule+For
mation&vid=6123f88bce545dc14a13008b76a6d18b&turl=http%3A%2F%2Ftse4.
mm.bing.net%2Fth%3Fid%3DOVP.V5a5b65a0197b98175963d40f7ec3fed6%26pid
%3D15.1%26h%3D145%26w%3D300%26c%3D7%26rs%3D1&rurl=https%3A%
2F%2Fwww.youtube.com%2Fwatch%3Fv%3DB4sS1iIp-
Qk&tit=Molecular+Dynamics+Simulation+of+self+assembling+Peptide+in+gromacs
&c=17&h=145&w=300&l=337&sigr=11bl0m7j8&sigt=123br2jv7&sigi=1311kacei&
ct=p&age=1406748225&fr2=p%3As%2Cv%3Av&b=391&fr=yhs-mozilla-
001&hsimp=yhs-001&hspart=mozilla&tt=b			
	

	
	
Presumably	the	atoms	have	fallen	–at	the	end	of	this	simulation-	to	the	lowest	
energy,	most	tightly	bonded	state	possible,	or	at	least	one	stable	enough	to	survive	
at	this	temperature.			
	
Chaotic	energy	movement	within	the	system	may	be	key	to	self-assembly	in	other	
systems	as	well.		As	energy	moves	around	it	concentrates	momentarily	on	certain	
parts	stretching	their	bonds	beyond	the	breaking	point	and	freeing	them	to	move	



	

3-40	

around	to	form	other,	potentially	more	stable,	configurations.		Thus	an	assembling	
system	might	explore	–and	even	rest	for	a	while-	in	several	different	configurations	
before	finding	the	most	stable	and	enduring	one.			
	
Oscillation	is	chaotic:	At	least	some	experts	“intramolecular dynamics” assert	
that	the	vibration	within	molecules	is	chaotic.		See	for	example:	
http://store.elsevier.com/Nonlinearity-and-Chaos-in-Molecular-
Vibrations/Guozhen-Wu/isbn-9780444519061/	and:		
	

 “…we now know that chaotic trajectories identical to those that govern 
the motion of comets, asteroids, and spacecraft are traversed on the 
atomic scale by highly excited Rydberg electrons. This almost perfect 
parallel between the governing equations of atomic physics and celestial 
mechanics implies that the transport mechanism for these two situations 
is virtually identical... The orbits used to design space missions thus also 
determine the	ionization rates of atoms and chemical-reaction rates of 
molecules!” 
http://www.iitk.ac.in/directions/directions_dec07/3jan~SRIHARI.pdf 
this tech paper includes much more about oscillation within molecules)  

	
	
Molecules	are	good	little	systems	to	examine.		I	think	most	of	the	basic	systems	
behaviors	listed	in	Chapter	1	apply	to	molecules.		If	so	how	they	self-assemble	into	
increasingly	more	complex	versions,	and	how	they	behave	may	be	analogous	to	
what	happens	in	other	systems	that	affect	our	daily	lives.		
	
A	look	at	how	simple	molecules	behave	is	a	useful	step	in	extending	our	
understanding	of	system	dynamics	from	very	simple	mechanical	systems	like	the	
double	pendulum	up	toward	the	much	more	complex	molecular	systems	that	self-
assemble	into	living	organisms.		It	all	comes	down	to	parts	linked	or	bonded	
together	into	a	system	by	spring-like	forces.		If	those	bonds	are	stretched	too	far	
they	break	allowing	new	systems	to	form.	This	happens	across	a	broad	range	of	
systems	stretching	from	atoms	and	molecules	to	solar	systems	and	galaxies.		Later	
in	the	book	I	hope	to	show	that	it	also	applies	to	societal	systems.			Is	chaotic	
oscillation	necessary	to	concentrate	passion	enough	to	pass	controversial	legislation	
or	cause	revolutions?	
	
There’s	more	about	molecules in various places including	Chapter	12. 
	
	
Other	links:	
	
Wikipedia	has	animation	of	molecular	vibration	modes	plus	other	details:	
https://en.wikipedia.org/wiki/Molecular_vibration	
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Lecture	on	molecular	vibration	discussing	energy	levels:	
https://www.youtube.com/watch?v=DJI518yTr2c	
	
Animation	showing	how	molecular	bonds	are	stretched	and	compressed:	
https://en.wikipedia.org/wiki/Molecular_vibration			
	
Nicely	semi-technical	explanation	of	how	potential	and	kinetic	energy	change	as	
atoms	vibrate.		Plots	curve	of	PE	and	KE,	and	attractive	and	repulsive	forces	as	a		
function	of	distance.	https://www.youtube.com/watch?v=Wl5QHeS2UXE			
	
This	very	clear	lecture	treats	bond	strength	and	energy	needed	to	break	it:	
https://www.youtube.com/watch?v=I9jd1Ew_YGU&ebc=ANyPxKoqzaVjxJaWWAAp
c3GCwrV25dzhktewYBQIVTPvshRz4sBpn-
91bqDWk_QjiYaKx9m3OLde7n83nBwadHzaR7ZSz-u16g	
	
This	explains	some	of	the	intermolecular	forces	and	how	they	fall	off	with	distance.		
https://en.wikipedia.org/wiki/Molecular_mechanics	
	
This	explains	intermolecular	forces:	(but	its	not	too	clear)		
https://www.youtube.com/watch?v=S8QsLUO_tgQ	
	
Other	animations	of	vibrating	molecules:	
https://www.youtube.com/watch?v=HuSbLBDagdc	
https://www.youtube.com/watch?v=iy-8rguvGnM	
https://www.youtube.com/watch?v=3RqEIr8NtMI&index=2&list=RDHuSbLBDagdc	
	

	
	
3.7	Thermo-syphon	
	
The	thermo-syphon	is	a	donut	shaped	tube	containing	a	liquid,	which	is	comprised	
of	a	great	number	of	parts	so	it	can	be	a	system	of	sorts.		When	heated	on	the	bottom	
the	liquid	will	begin	circulating	one	way	or	the	other.		Depending	on	how	fast	heat	is	
applied	the	liquid	can	circulate	steadily	in	one	direction	–periodic	behavior-	or	
switch	randomly	from	CW	to	CCW	rotation,	meaning	its	behaving	chaotically.		
	
The	thermo-syphon	example	is	inserted	to	show	that	dynamic	behavior	can	be	made	
in	other	than	simple	mechanical	systems.		Fluidic	systems	like	this	thermo-syphon,	
magma	convection	cells	in	the	earths	mantle,	and	atmospheric	cells	can	oscillate	in	
various	ways	including	chaotically.			
	
A	uTube	video	of	the	thermo-syphon	in	operation	is	found	at:	
https://www.youtube.com/watch?v=ofzPGPjPv6g			Another	similar	video	is	found	
at:	https://www.youtube.com/watch?v=Vbni-7veJ-c		Note	how	individual	particles	
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in	this	fluid	don’t	all	move	together.		Sometimes	they	go	in	different	directions	or	
speeds	within	the	general	overall	current.	
		
Images	below	are	from:		Predicting	flow	reversals	in	chaotic	natural	convection	
using	data	assimilation	by	HARRIS,	RIDOUANE,	HITT	and	DANFORTH,	February	
2012.	at:	www.uvm.edu/~cdanfort/.../harris-tellus-2012.pdf	or	in	their	earlier	
paper	at:	http://www.uvm.edu/~cdanfort/research/harris-pre-draft-2009.pdf	
	
	

	
	
These	simulation	snapshots	taken	at	different	times	show	how	hot	portions	of	liquid	
(red)	intrude	into	cold	liquid	(blue)	making	this	a	complex	3-D	phenomena.		
	
The	flow	rate	within	these	donuts	was	chaotic	as	shown	in	the	waveform	below.	
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Chaos	like	this	that	occurs	in	liquids	or	gases	is	called	“spatiotemporal”	chaos	
because	values	like	speed	or	temperature	vary	chaotically	from	place	to	place	within	
the	liquid	or	gas	as	well	as	over	time.		See	p.	5	at:	
http://www.uvm.edu/~cdanfort/research/harris-pre-draft-2009.pdf	
	
Like	the	Lorenz	waterwheel	this	is	another	dissipative	system	which	sheds	energy.		
In	this	case	its	heat	which	escapes	through	the	walls.		New	energy	is	added	by	
heating	the	water	at	the	bottom,	which	makes	it	less	dense	than	water	at	the	top.		
This	makes	the	top	water	relatively	more	heavy	and	thus	increasing	its	PE.		This	
heavy	mass	then	wants	to	fall	from	its	unstable	position	and	in	doing	so	causes	the	
fluid	to	begin	circulating.			
	
This	is	another	example	of	how	the	physical	constraints	of	the	apparatus	dictate	
how	the	relevant	forces	can	move	the	parts.		The	pendulum	is	mechanically	
constrained	so	that	while	gravity	pulls	it	straight	down	the	arm	forces	it	to	move	in	
an	arc.		Here	the	donut	tube	forces	the	bulk	of	liquid	to	circulate	either	CW	or	CCW.	
	
The	thermo-syphon	seems	analogous	to	a	cross-section	of	an	ocean	current	such	as	
the	el	Nino	current.		However	the	el	Nino	current	is	heated	from	the	top	not	bottom	
and	its	circulation	is	driven	by	winds	not	its	internal	dynamics.		It’s	kind	of	too	bad,	
since	it	would	have	been	nice	to	find	a	real	world	current	that	behaves	like	the	
thermo-syphon.		If	so	we	could	have	seen	its	chaotic	behavior	if	it	were	already	
chaotic,	or	speculated	about	how	it	might	become	chaotic	–with	important	side	
effects-	if	heated	enough	by	global	warming.				
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It	was	nice	to	find	the	following	quote	in	the	technical	literature.		It	shows	I’m	not	
the	only	one	trying	to	relate	toy	system	behavior	to	those	big	real-world	systems	we	
care	about.		
	

“The methods we use to forecast the toy model are also 
similar to the methods used for global geophysical systems. 
Both require state estimation to find the IC from which to 
generate forecasts. Also, when forecasts are made in either 
system, climatology and dynamically accessible regimes are 
often more important than specific behavior: the occurrence of flow 
reversals for the thermosyphon; periodic behavior such as the El Nino 
Southern Oscillation and statistics such as globally and regionally 
averaged temperatures and their effects on rainfall, ice cover, etc. for 
climate. Each of these is a statistic that must be post-processed from the 
model output. To meet these global challenges, many tools are needed in 
the modeling toolbox. These techniques may also be useful for forecasting 
socio-technological systems, which are rapidly gaining importance as 
drivers of human behavior. In this way, toy models can provide us with 
insights that are applicable to the important scientific problems of today.”  
From: http://www.uvm.edu/~cdanfort/research/harris-tellus-2012.pdf 
 
	

	
	
3.8	Rayleigh-Benard	convection	
	
3.8.1	General	
	
Discrete	part	systems	organize	into	fluid	and	gas	systems:		Although	systems	
comprised	of	discrete	parts	may	seem	worlds	apart	from	systems	made	from	fluids	
and	gases	they	may	in	fact	be	related.		
	
At	the	micro	level	we	have	individual	atoms	that	are	discrete	parts	in	small	systems	
called	molecules.		Electrostatic	forces	govern	their	behavior.		What	we	learn	about	
small	N-body	systems	like	the	double	and	magnetic	pendulums,	and	small	
spring/mass	systems	is	useful	in	understanding	their	behavior.		However	when	
warm	atoms	oscillate	they	take	up	more	volume.		Countless	billions	of	them,	all	
getting	warmer	and	taking	more	volume,	can	and	do	self-organize	into	warm,	
buoyant	and	rising	plumes.		These	individual	plumes	further	self-organize	into	
nicely	formed	convection	cells,	or	degenerate	into	chaotic	turbulence.		At	this	
macro-level	gravity	not	electrostatic	forces	govern	behavior.			
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This	is	a	intriguing	idea	to	follow	as	it	may	seamlessly	integrate	the	behavior	of	
simple	toy	systems	having	discrete	parts	with	that	of	large	fluid	and	gas	systems	like	
ocean	currents	and	atmospheric	flows.		I’ve	run	out	of	time	to	pursue	this	late-
occurring	idea.	
	
Behavior	vs.	energy:		I	haven’t	had	time	to	study	fluid	behavior	well	enough	to	
make	many	valid	generalizations.		Ideally,	one	would	make	a	series	of	simulation	
runs	for	a	given	system	(i.e.	type	of	container	and	fluid)	with	successively	higher	
energy	levels	to	map	their	behavior.		It	takes	supercomputers	to	run	some	of	these	
fluid	dynamics	simulations.		I	haven’t	the	resources	or	time	to	do	that	so	what	
follows	are	screenshots	and	videos	from	a	disparate	variety	of	simulations.		I	must	
read	between	the	lines	so	to	speak	to	draw	any	conclusions.			
	
I	think	its	generally	true	that	behavior	does	change	with	the	level	of	energy	in	these	
fluidic	systems.		At	low	energies	the	fluids	tend	to	self-organize	into	reasonably	well	
formed	convection	currents	or	rolls.		At	higher	energies	instabilities	seem	to	grow	
between	fluids	flowing	at	different	speeds	and	these	turn	into	eddies.		As	energy	is	
increased	still	more	eddies	subdivide	into	what’s	called	turbulent	flow.		For	how	
turbulence	develops	see:	https://www.youtube.com/watch?v=e1TbkLIDWys	and	
https://www.youtube.com/watch?v=GlTcRhh3gYc	
	
As	I	say	elsewhere	the	behavior	of	a	dynamic	system	must	manifest	or	contain	the	
energy	within	it.			A	gentle	convection	roll	can	apparently	manifest	a	low	amount	of	
energy,	apparently	as	KE,	due	to	its	slowly	rotating	mass.		At	the	other	extreme	it	
takes	a	huge	amount	of	energy	to	create	the	turbulent	wake	behind	a	jet	engine.			
	
With	those	thoughts	in	mind	I	simply	present	some	examples	of	simulated	fluid	flow	
within	laboratory	containers.		There	has	been	a	great	deal	of	research	on	the	topic	
under	the	general	name	of	Rayleigh-Benard	convection.		
	
	
	3.8.2	Two-dimensional	fluid	behavior	
	
A	Rayleigh-Benard	cell	is	an	experimental	apparatus	consisting	of	a	container	filled	
with	liquid.		When	heated	evenly	across	the	bottom	plumes	of	rising	liquid	form	and	
can	self-organize	into	a	few	large	convection	currents	or	cells.		At	low	energy	the	
fluid	tends	to	circulate	smoothly	forming	two,	or	a	few,	convection	cells,	but	at	high	
energy	the	flow	becomes	chaotic	and	turbulent.			
	
This	system	is	included	just	to	show	how	complex	behavior	can	be	in	a	system	with	
billions	of	parts	when	the	insertion	of	energy	causes	them	to	move.			
	
The	screenshot	below	comes	from	a	simulation	of	fluid	flow	in	a	thin	mostly	two-
dimensional	cell.		Cold	blue	plumes	of	water	are	descending	from	above	while	hot	
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red	ones	rise	from	below.		This	particular	run	was	very	turbulent	apparently	
because	the	bottom	plate	was	quite	hot,	but	toward	the	end	it	did	eventually	self-
organize	to	some	extent	into	two	roughly	formed	counter-rotating	circulation	cells.	
Source:	https://www.youtube.com/watch?v=OM0l2YPVMf8	or	
https://www.youtube.com/watch?v=OM0l2YPVMf8&t=9s	
	

	
		
In	the	simulation	below	hot	red	plumes	form	and	rise	along	the	uniformly	heated	
bottom	plate	while	cold	plumes	form	and	descend	from	the	evenly	chilled	cold	top	
plate.		
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This	screenshot	was	taken	somewhat	later	after	the	plumes	had	self-organized	into	
counter-rotating	convection	cells.	
	

	
	
Its	important	to	note	that	individual	plumes	emerging	all	along	the	bottom	usually	
merge	into	a	few	major	streams	moving	up,	in	this	case	on	each	side.		
	
Nicely	formed	convection	rolls	seem	unlikely	in	nature	since	it	seems	conditions	
must	be	just	right	to	produce	them.			
	
I	could	not	get	nice	congestion	cells	to	form	in	a	home-made,	stove-top	Rayleigh	
Benard	cell	.		This	suggests	that	neat	behavior-such	as	well	formed	convection	rolls-	
requires	all	the	parameters	to	be	perfect	(viscosity,	temp,	cell	shape)	and	thus	
perfect	behavior	is	probably	rare	in	nature.		Clouds	for	example	are	occasionally	
seen	in	long	well	formed	bands	or	rolls,	but	it’s	rare.		
	
Earths	mantle:	There	is	evidence	that	tectonic	plates	are	driven	around	in	random	
fashion	by	very	slow	moving	currents	in	earth’s	molten	mantle.	See:	
http://escweb.wr.usgs.gov/share/mooney/2006_GJI_activetectonics.pdf	
	
	
Societal	systems:	How	plumes	form	and	behave	is,	I	think,	quite	significant	because	
it’s	an	abstract	metaphor	for	how	social	and	political	movements	form.		Certainly	it’s	
a	stretch	but	consider	the	following.		Suppose	the	fluid	along	the	bottom	
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represented	a	large	number	of	individuals	in	some	society	and	the	heat	below	was	
analogous	to	something	forcing	or	enticing	them	to	do	something	to	meet	some	
personal	goal.		Something	like	finding	a	solution	for	some	unmet	need.	The	need	
might	be	spiritual	or	religious.		It	might	be	hunger	or	the	wish	for	political	freedom.	
Think	Arab	spring.		
	
The	RB	simulation	suggests	that	when	the	heat	(unhappiness	with	the	status	quo)	
has	risen	sufficiently	someone	–a	person	slightly	more	unhappy	than	his	neighbors-	
will	be	the	first	to	take	action	and	form	a	new	social,	religious	or	political	movement.	
If	several	folks	do	this	it	would	result	in	many	small	plume-like	movements	rising	
from	the	bottom.		Each	using	energy	to	push	against	the	status	quo.		However	the	
fluid	(individuals)	immediately	adjacent	an	already	forming		plume	won’t		start	their	
own	plume	or	movement,	instead	they	move	sideways	to	join	an	already	forming	
one.		Why,	simply	because	its	easier	and	takes	less	energy	to	be	a	follower	than	a	
leader.		Over	time	the	many	small	plumes	(religious	or	political	movements)	tend	to	
merge	into	just	a	few.		This	has	happened	in	religion	and	in	politics.		The	main	
Catholic	and	Protestant	churches	that	emerged	from	the	merger	of	many	religious	
sub-groups	during	the	Reformation,	and	the	Democrats	and	Republicans,	come	to	
mind.		There	is	perhaps	a	more	scientific	relation	between	the	plumes	in	this	fluid	
and	social	movements,	but	hopefully	I’m	drawn	a	compelling	analogy	that	invites	
more	research.		I	suspect	it	all	comes	down	to	things	–be	they	water	molecules	or	
people-	taking	the	path	of	least	resistance,	which	of	course	requires	less	energy.			
	
	
3.8.3		Three-dimensional	fluid	behavior	
	
The	screenshot	below	is	perhaps	my	favorite	simulation	video.		Its	found	at:	
https://www.youtube.com/watch?v=pmLmfciox50&list=UUraRQTwh5EYkCvzelOr
HRlg&index=11		I	highly	recommend	watching	it	and	several	more	to	get	a	feel	for	
spatio-temporal	behavior.		Note	how	isolated	plumes	form	first	then	morph	into	
relatively	stable	up	and	down	currents.		Later	these	oscillate	until	they	interfere	
with	each	other	and	become	unstable.			No	information	is	given	as	to	whether	or	not	
energy	is	changing	during	this	run.	
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This	sim	is	excellent	in	showing	how	steady	convection	rolls	form	and	look	in	a	
three	dimensional	container.	Watch	for	the	rising	green	currents	in	center	and	one	
each	side.		
The	action	starts	at	about	=t=40.			https://www.youtube.com/watch?v=buskqZlPdvI	
	
The	screenshot	below	is	from	another	sim	that	shows	how	isolated	plumes	self	
organize	into	larger	structures.	
https://www.youtube.com/watch?v=eb8PzSmZqRM	
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This	video	shows	similar	structures	but	this	time	in	an	actual	lab	container	thus	
proving	the	simulations	represent	reality.	
https://www.youtube.com/watch?v=nPHwnS3_xlY	
	
	
Extras:		
	
The	screenshot	below	is	from	a	very	interesting	sim	that	is	definitely	worth	
watching.		It	shows	how	small,	dispersed	plumes	self-organize	into	a	relatively	large,	
stable	convection	flow	where	hot	fluid	ascends	in	two	corners	and	cold	blue	fluid	
descends	in	the	opposite	corners.		Later	energy	seems	to	oscillate	around	in	this	
system	until	it	concentrates	enough	to	break	that	pattern	apart	and	form	another	
with	this	large	center	plume.		Later	it	too	breaks	up.		It	teaches	several	things	and	is	
further	described	in	Chapter	4.3.		
https://www.youtube.com/watch?v=cMGVltlKmr0&index=9&list=UUraRQTwh5EY
kCvzelOrHRlg	
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Other:	
https://www.youtube.com/watch?v=pmLmfciox50&list=UUraRQTwh5EYkCvzelOr
HRlg&index=11	and	https://www.youtube.com/watch?v=buskqZlPdvI	
	
Other	Raleigh-Benard	videos	are	found	at:	
https://www.youtube.com/watch?v=s30nE_hRv2M		
https://www.youtube.com/watch?v=ECpNSjUG5yU&list=UUraRQTwh5EYkCvzelOr
HRlg		
	
Shows	how	complex	fluid	movements	can	become	and	how	unstable	occasional	
rotating	cells	can	be	
https://www.youtube.com/watch?v=kJnE12dJ9ic		
	
https://www.youtube.com/watch?v=fZviNVPZjDQ&list=UUraRQTwh5EYkCvzelOrH
Rlg&index=7	
		
https://www.youtube.com/watch?v=r0pYCo9Vx5c	
https://www.youtube.com/watch?v=nluyQThAcmM	
https://www.youtube.com/watch?v=r0pYCo9Vx5c	
https://www.youtube.com/watch?v=5ApSJe4FaLI	forms	unstable	rolls	
https://www.youtube.com/watch?v=buskqZlPdvI	complex	3D	simulation	
https://www.youtube.com/watch?v=nPHwnS3_xlY	real	world	lab	demo	of	RB	rolls	
in	a	pan	
	
Paper	about	Spatiotemporal	Chaos	in	Rayleigh-Bénard	Convection:	
http://www.cmp.caltech.edu/~mcc/Talks/BeijingIACM_06.pdf	 
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3.9	Convection	in	earth’s	mantle	
	
These	videos	show	how	convection	currents	in	the	earths	mantle	drive	plate	
tectonics:	https://www.youtube.com/watch?v=ryrXAGY1dmE	and	
https://www.youtube.com/watch?v=Kpoko_l34ZE	
	

“The	convection	of	the	Earth's	mantle	is	a	chaotic	process	(in	the	sense	of	
fluid	dynamics),	which	is	thought	to	be	an	integral	part	of	the	motion	of	
plates.		As	the	molten	rock	moves	up	and	down	changing	pressures	and	
temperatures	cause	its	chemical	composition	to	change	and	produce	many	
different	minerals.	A	relatively	simple	process	building	complexity.	
https://en.wikipedia.org/wiki/Mantle_%28geology%29#Earth.27s_mantle	

	
Below	are	diagrams	of	convection	cells	and	plumes	in	earth’s	mantle.	Source:	
https://en.wikipedia.org/wiki/Mantle_convection	
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These	videos	show	how	convection	currents	in	the	earths	mantle	drive	plate	
tectonics:	https://www.youtube.com/watch?v=ryrXAGY1dmE	and	
https://www.youtube.com/watch?v=Kpoko_l34ZE	
	
	
	
3.10		Other	examples		
	
The	following	sites	lead	to	other	examples	of	chaotic	behavior.	
	

Here	is	very	nice	video	of	the	three	body	problem	which	shows	the	chaotic	
paths	of	three	bodies	which	gravitationally	attract	each	other:	
https://vimeo.com/11993047	
	
This	is	another	neat	3	body	animation.	You	don’t	need	to	use	Java	to	see	it:	
http://www.clausewitz.com/mobile/chaosdemos.htm#3Body	
	
This	entertaining	video	shows	traffic	chaos	on	third	world	streets	(scroll	
down	to	play	the	video	segment	called	A	Complex	Adaptive	System)	at:	
http://www.clausewitz.com/mobile/chaosdemos.htm#3Body	

	
This	sim	video	has	two	spring	mass	hollow	balls	colliding.	
http://scholar.harvard.edu/tlan/meshed-mass-spring	
Author	could	make	the	model	I	want	from	this.	CHECK	IT	OUT	MORE	
	
Good	readable	description	of	2	or	more	masses/springs.	
http://www.math24.net/mass-spring-system.html	says	2mass3spring	
system	is	linear.	Useful	info.	
	
	

Wrap-up:	This	concludes	a	quick	look	at	some	systems	that	behave	chaotically	
under	the	right	conditions,	plus	some	spring	mass	systems	that	can’t	officially	be	
chaotic	but	nevertheless	show	some	of	the	some	behaviors.		In	the	next	chapter	I	
attempt	to	summarize	what	I	feel	are	the	most	important	aspects	of	their	behavior.		
These	things	hopefully	apply	across	a	wide	range	of	systems.		I	present	evidence	of	
this,	but	not	proof.		
	
*****end	of	Chapter	3***	


