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Chapter	6		Double	Pendulum	Analysis	(Part	1)	
	
ABSTRACT	for	Chapters	6,7,8	and	9:	
Behavior	of	the	double	pendulum	was	explored	by	making	several	hundred	runs	with	a	
simulation	model.		Only	a	small	part	of	the	parameter	space	was	explored	but	it	
showed	how	complex	behavior	can	be	in	a	very	simple	system.		Patterns	of	behavior	at	
different	levels	of	total	system	energy	are	reported.		At	low	to	moderate	energy	levels	
bobs	perform	a	rhythmic	dance-like	sequence	of	moves	that	repeats	periodically,	
however	with	different	size	steps	thus	creating	patterns	whose	shape	gradually	
changes.	This	is	called	quasi-periodic.		At	high	energy	levels	the	system	experiences	
sensitive	dependence	on	initial	conditions	and	is	therefore	chaotic.		Waveforms	within	
each	period	are	complex.		The	ability	to	predict	future	behavior	with	these	patterns	is	
discussed.		Its	hypothesized	the	double	pendulum	is	governed	by	a	4-dimensional	
strange	attractor	similar	in	concept	to	the	Lorenz	butterfly.		It’s	found	that	different	
phase	space	patterns	occur	at	the	same	energy	level	depending	on	the	positions	of	the	
bobs	when	released.		Tightly	constrained	instances	of	perfectly	periodic	behavior	were	
found	within	otherwise	quasi-periodic	ranges.		A	sharp,	energy	defined,	qualitative	
change	in	behavior	was	found	between	behavior	where	the	bob	occasionally	goes	over	
the	top	or	spins	and	behavior	where	it	always	reverses	and	falls	back.	This	occurred	
only	above	the	energy	level	where	the	system	first	became	chaotic	and	therefore	does	
not	demark	the	threshold	into	chaos.	The	way	energy	moves	from	one	form	and	one	
part	of	the	system	to	another	is	treated.		The	random	occurrence	of	spikes	in	the	
magnitude	of	system	variables	after	relatively	calm	periods	is	highlighted	as	perhaps	
the	most	important	practical	implication	of	chaos.		Suggestions	for	further	research	
are	offered.	
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6.1		Research	objectives	
	
The	purpose	of	this	Chapter	is	to	explore	and	categorize	the	behavior	of	the	double	
pendulum	over	a	wide	range	of	conditions	and	especially	to	see	how	its	behavior	
changes	as	a	function	of	the	total	energy	within	the	system.		Attempts	were	also	
made	to	see	what	practical	difference	it	makes	whether	a	system	is	chaotic	or	not.		A	
key	objective	was	to	discover	the	root	cause	of	chaos	in	this	system,	but	it	was	
unsuccessful.	
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The	approach	was	to	use	a	Java	simulation	model.		The	research	was	done	in	two	
phases	spaced	months	apart.		The	first	phase	is	documented	in	Chapters	7	and	8	and	
the	second	in	Chapter	9.		The	second	phase	was	done	mainly	to	find	and	explore	the	
boundary	between	quasi-periodic	and	chaotic	behavior,	which	unfortunately	was	
not	done	well	in	phase	one	do	to	a	perceived	lack	of	any	easy	way	to	detect	one	of	
the	main	criteria	for	chaos,	namely	sensitive	dependence	on	initial	conditions	or	
SDIC.		
	
Although	hundreds	of	simulation	runs	were	made,	many	more	would	be	needed	to	
fully	map	the	behavior	of	the	double	pendulum.		Hopefully	others	will	take	this	on	
and	also	use	a	different	model	to	ensure	these	findings	are	not	biased	by	some	
unknown	and	unsuspected	defect	in	the	model	I	used.	
	
After	searching	the	technical	literature	–not	exhaustively	but	fairly	well-	the	author	
believes	the	analysis	in	this	Chapter	is	the	most	through	exploration	of	the	double	
pendulum	done	to	date.		It	contains	new	research	and	will	hopefully	suggest	ideas	
for	additional	research.		Not	only	is	the	full	operating	map	of	the	double	pendulum	
incomplete	the	root	cause	of	chaos	in	this	system	is	not	yet	understood.	
	
How	the	double	pendulum	–a	toy	system-	behaves	is	of	no	practical	value	by	itself	
unless	it	can	shed	light	on	how	important	real-world	systems	like	the	climate,	
ecosystem,	economy,	and	government	behave.		Thus	a	small	attempt	was	made	to	
see	how	these	findings	may	apply	to	these	larger	systems.			
	
	
6.2	Description:			
	
The	double	pendulum	is	perhaps	the	simplest	physical	device	that	exhibits	chaotic	
behavior.		Its	often	mentioned	but	apparently	has	received	relatively	little	
systematic	study.		It’s	also	something	you	can	easily	build	and	experiment	with.		
	
The	first	photo	below	shows	the	authors	pendulum,	constructed	with	aluminum	
arms	about	8	inches	long.		I	used	good	quality	ball	bearings	press-fit	into	carefully	
reamed	holes	to	minimize	friction	and	wobble.	The	extra	holes	were	experiments	to	
see	which	produced	the	most	interesting	behavior,	but	actually	neither	the	length	of	
the	arms	or	the	placement	of	holes	is	critical.		
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The	image	below	shows	a	similar	design	and	also	that	the	key	variables,	angle	1	and	
2,	are	measured	from	the	vertical.			
	
	
	

	
	
	
	
	
	
	
	
Actual	double	pendulums	are	usually	constructed	from	metal	arms	but	for	
computing	simplicity	simulation	models	often	use	point	masses	called	bobs.		The	
following	image	shows	the	paths	the	bobs	would	take	after	being	released	from	a	
fairly	high	position.			The	act	of	lifting	them	to	that	position	inputs	energy	into	the	
system,	and	if	there	were	no	air	or	bearing	friction	that	energy	would	be	retained	
within	the	system	and	the	same	general	behavior	would	continue	indefinitely.		With	
friction	it	decrease	in	intensity	until	there	is	no	energy	left	and	the	arms	hang	
straight	down.	
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The	following	time	exposure	shows	how	the	traces	would	look	after	a	longer	period	
of	time.		It	was	made	using	lights	attached	to	an	actual	double	pendulum.	
http://www.iontrap.wabash.edu/adlab/papers/F2011_foster_groninger_tang_chao
s.pdf				
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The	system	(i.e.	the	pendulum)	was	operating	chaotically	during	the	period	this	
exposure	was	taken.		The	green	light	is	at	the	main	pivot	point.		The	red	light	was	
attached	at	the	pivot	point	between	the	two	arms,	and	the	blue	light	was	attached	to	
the	end	of	the	outer	arm.		
	
Note	that	the	movements	of	these	arms	are	physically	constrained	to	move	only	
within	this	space	no	matter	how	fast	or	complicated	their	movements.		The	large	
arm	was	physically	tied	to	the	main	pivot	point	so	the	only	thing	it	could	do	was	
swing	back	and	forth,	or	rotate.		The	outer	arm	was	tied	to	the	end	of	the	inner	arm	
so	its	outer	end	could	only	swing	back	and	forth	relative	to	the	red	bob	and	travel	
within	the	donut	shaped	area	evident	from	the	envelope	of	blue	traces.	The	position	
and	speed	of	the	arms	must	at	all	times	reflect,	indeed	contain	or	manifest,	all	the	
energy	within	the	system,	which	remains	constant	throughout	the	run	if	the	system	
is	frictionless.			
	
Even	if	the	parts	in	this	system	behave	chaotically	they	can’t	just	fly	away	any	old	
way.		The	fact	that	the	movements	were	confined	is	important	because	the	moving	
parts	in	many	chaotic	systems	are	confined	either	by	physical	barriers	like	walls	or	
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attachments.		Other	systems	like	the	solar	system	are	confined	by	the	amount	of	
energy	in	the	system	which	limits	how	far	apart	the	parts	can	travel.	
	
The	total	energy	–	potential	plus	kinetic-	in	this	system	must	be	expressed	in	the	
height	and	speed	of	the	two	arms.		In	other	words	if	one	measured	the	height	of	the	
arms	above	the	lowest	point	they	could	reach	(within	the	system,	not	relative	to	the	
floor	or	earths	center)	one	could	compute	their	gravitational	potential	energy	at	any	
point	in	time.		Hanging	straight	down	its	zero.		Knowing	their	speed	would	allow	one	
to	compute	their	kinetic	energy.		The	sum	of	GPE	and	KE	would	remain	constant	in	a	
frictionless	system.		However	it	oscillates	between	its	different	forms,	namely	PE	
and	KE,	and	it	oscillates	back	and	forth	between	the	two	different	bobs	or	arms.		
Occasionally	all	or	almost	all	the	total	energy	in	the	system	can	momentarily	
concentrate	in	just	one	bob	or	arm.		This	is	a	key	point.	
	
The	best	way	to	see	chaos	in	action	is	to	show	a	real	one	in	operation.		Try	this	site:	
http://video.mit.edu/watch/double-pendulum-6392/		This	simulation	video	shows	
one	of	the	above	traces	being	drawn:	
http://scienceworld.wolfram.com/physics/DoublePendulum.html		
	
Here	is	another	good	dbl	pend	video:	
http://isites.harvard.edu/icb/icb.do?keyword=k16940&pageid=icb.page80864&pa
geContentId=icb.pagecontent278143&state=maximize&view=view.do&viewParam_
name=indepth.html#a_icb_pagecontent278143	
	
	
What	to	watch	for:	The	easiest	aspects	of	chaotic	behavior	to	observe	by	watching	
the	pendulum	in	action	are	reversals	in	the	small	pendulums	direction	of	rotation,	
or	it’s	transitions	between	swinging	and	rotating.		Other	parameters	such	as	angles,	
elevation,	and	rates	of	rotation	are	also	changing	but	they	happen	so	fast	they	are	
not	readily	observed.	The	key	point	is	that	all	these	changes	in	behavior	happen	in	a	
seemingly	random	manner	when	the	system	operates	chaotically.			Sometimes	the	
small	pendulum	rotates	X	times	before	changes	direction	or	stops	rotating,	other	
times	its	Y	times.	
	
When	watching	the	double	pendulum	one	feels	that	each	arm	is	trying	to	do	its	own	
thing,	namely	swing	like	a	simple	pendulum	following	its	own	natural	rhythm.		
Unfortunately	the	other	arm	isn’t	quite	in	sync	and	continues	to	disturb	that	rhythm.		
Sometimes,	like	well-timed	pushes	on	a	child’s	swing,	arm	A	boosts	what	Arm	B	is	
trying	to	do	naturally.		Other	times	the	pushes	or	pulls	are	out	of	sync	and	the	forces	
fight	each	other.		Often	–and	its	best	observed	when	the	upper	arm	is	swinging	back	
and	forth-	it	looks	like	the	inner	arm	is	slinging	or	whipping	the	outer	arm	around.		
Thus	we	tend	to	see	a	short	series	of	orderly	back	and	forth	swings	where	the	outer	
arm	swings	a	bit	more	each	time	until	it	finally	gains	enough	energy	to	make	a	
complete	revolution.		There	is	a	feeling	that	energy	is	surging	back	and	forth	(it	is)	in	
some	wavelike	manner.		The	idea	that	the	intensity	of	one	parts	oscillation	is	
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pumped	up	by	tugs	or	pulls	from	another	part	until	there	is	a	drastic	change	in	
behavior	seems	key	to	understanding	chaos.			
	
When	running	at	fairly	low	energy	note	how	the	inner	arm	is	often	hanging	nearly	
straight	down	and	is	motionless	–and	thus	contains	little	energy-	when	the	outer	
arm	swings	over	the	top.		This	indicates	the	inner	arm	has	transferred	its	energy	to	
the	outer	arm.	
	
Behavior	of	authors	own	pendulum:		I	used	my	own	double	pendulum	to	
experiment	with	higher	energy	levels	than	the	Java	simulations	reported	throughout	
this	book	could	accommodate.	
	

***insert	a	video	of	it	operating	at	low	energy	like	my	iPhoto	clip#15	
				
I	input	these	high	energies	by	holding	the	two	arms	in	line	and	swinging	them	
rapidly	around	so	they	looked	like	a	whirling	airplane	propeller.		This	took	far	more	
force	on	my	part	than	simply	holding	them	vertical	before	release.	This	indicating	I	
was	definitely	imputing	more	energy	and	that	the	system	had	to	contain	or	manifest	
that	energy	as	soon	as	I	released	it.		It	was	mostly	in	the	form	of	KE	due	to	rapid	
rotation.	In	this	case	the	initial	whirling	motion	was	quite	consistent	and	orderly	
showing	this	particular	system	can	behave	in	an	somewhat	periodic	manner	at	high	
energy	level.		It	could	not	be	determined	if	this	high	energy,	propeller-like,	behavior	
was	chaotic	or	not	since	minor	wobbles	in	the	arms	could	not	be	detected	if	indeed	
they	existed.		However	as	the	rotation	slowed	due	to	friction	behavior	degenerated	
into	a	more	violent	chaotic	motion	than	any	seen	in	the	simulations.		As	further	
energy	was	lost	the	outer	pendulum	no	longer	made	occasional	revolutions	and	
eventually	ended	up	swinging	gently	back	and	forth	near	its	low	point.	
	

A	link	to	videos	of	my	pendulum	doing	this	is	found	at	*******	
((need	to	include	of	link	to	my	clip	#17	where	it	spins	like	a	propeller	and	
clip	#18	where	the	outer	arm	spins	while	the	inner	one	does	also.		This	took	
even	more	energy.))		

		
I	also	tried	adding	even	more	energy	by	causing	the	outer	arm	to	rotate	rapidly	
relative	to	the	inner	arm	while	swinging	the	whole	assembly	into	rapid	rotation	
around	the	fixed	pivot.	This	took	quite	a	bit	of	physical	arm	energy	on	my	part.	The	
resulting	action	was	fast	and	violent	with	the	whole	assembly	rotating.		However	the	
outer	arm	quickly	started	behaving	“chaotically”	by	whirling	intermittently.		It	then	
degenerated	into	the	normal	chaotic	behavior	seen	in	most	videos.		Even	though	this	
trial	very	likely	induced	more	energy	than	the	prior	its	behavior	was	never	orderly,	
or	so	it	seemed.			
	
You	have	now	observed	actual	real	world	behavior.	In	the	analysis	section	of	this	
chapter	I	will	attempt	to	draw	further	insights	into	the	behavior	of	the	double	
pendulum.	
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6.3		Types	of	Behavior	
	
There	are	four	variables	that	change	as	the	double	pendulum	moves:		the	angle	of	
each	bob	relative	to	its	straight	down	position,	which	is	proportional	to	the	height	of	
the	bob	and	its	potential	energy,		and	the	kinetic	energy	of	each	bob,	which	is	
proportional	to	its	speed.			Behavior	is	how	these	variables	change	and	interact.		
Basically	the	bobs	or	arms	want	to	move	like	simple	pendulums,	but	they	aren’t	
usually	synchronized	so	they	push	and	pull	on	each	other.		In	other	words	they	
disturb	each	other.			
	
Behavior	will	be	described	in	three	ways	during	these	simulations.		First,	by	
watching	the	trace	in	space	left	by	the	bobs	in	the	upper	plot.			Watching	it	one	can	
almost	visualize	how	they	alternately	accelerate	or	retard	each	other	and	sling	each	
other	about.		That	dance	can	be	seen.			Second	we	plot	a	waveform	showing	how	one	
of	the	variables,	usually	angle	2,	changes	over	time.		We	look	for	evidence	that	the	
waveform	during	some	time	interval	or	period	will	repeat	time	after	time	during	
subsequent	time	intervals	of	the	same	duration.		Third	we	look	at	the	pattern	
produced	by	plotting	one	variable	like	KE2	against	another	like	angle1.		Does	that	
pattern	repeat	time	after	time	so	one	plot	lies	atop	the	other?		This	plot	is	a	two	
dimensional	view	of	what	is	really	a	4-dimensional	phase	space	portrait.		It	can	be	
compared	with	2-D	views	of	the	3-D	Lorenz	butterfly.			
	
Periodic	behavior:		A	common	theme	in	the	literature	asserts	that	at	least	some	
dynamical	systems	behave	periodically	when	functioning	at	low	energy,	but	become	
chaotic	at	high	energy.		When	operating	periodically	–in	the	true	sense	of	that	word-	
the	behavior	during	one	period	of	time	is	exactly	repeated	during	the	second	and	all	
subsequent	equal	length	periods	of	time.		If	we	tracked	some	variable	like	the	speed	
of	one	arm	in	the	pendulum	it	would	trace	some	sort	of	waveform	and	that	
waveform	would	repeat.		Every	peak	would	be	the	same	height,	every	valley	the	
exact	same	depth.		In	other	words	the	values	would	repeat.	
	
Definitions	of	periodic	and	aperiodic	do	not	specify	whether	a	behavior	or	
waveform	must	be	exactly	the	same	to	be	called	periodic	or	whether	approximately	
the	same	is	good	enough.		This	is	a	fault	in	the	literature	and	some	authors	seem	
casual	about	the	term.		This	creates	a	problem	in	trying	to	describe	how	the	double	
pendulum	actually	behaves	and	required	the	author	to	create	the	terms	“pattern	
periodic”	(which	I	used	early-on)	and	“perfectly	periodic”	which	I	used	later.	
	
The	technical	literature	often	uses	the	term	“quasi-periodic”	to	label	a	behavior	that	
is	somewhere	between	perfectly	periodic	and	chaotic.		I	use	it	too.		Here	are	some	
related	definitions:	
	

Periodic:	
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Mathematics.	(of	a	function)	having	a	graph	that	repeats	after	a	fixed	interval	
(period)	of	the	independent	variable.	From:	
http://dictionary.reference.com/browse/periodic	

	
Aperiodic:	
The	opposite	of	a	periodic	signal	is	an	aperiodic	signal.	An	aperiodic	function	never	
repeats,	although	technically	an	aperiodic	function	can	be	considered	like	a	periodic	
function	with	an	infinite	period.	From:	
https://en.wikibooks.org/wiki/Signals_and_Systems/Aperiodic_Signals	
	
	2.	Physics.	of	or	pertaining	to	vibrations	or	oscillations	with	no	apparent	period.	
From:	http://www.thefreedictionary.com/aperiodic	
	
1:		of	irregular	occurrence	:		not	periodic	<aperiodic	floods>	From:	
http://www.merriam-webster.com/dictionary/aperiodic	
	
	

I	mainly	used	plots	of	two	variables,	KE2	versus	a1,	to	judge	whether	a	given	
behavior	was	perfectly	periodic	or	quasi-periodic.			When	plotted	together	they	form	
what	I	call	a	“partial	phase	space	plot”.		It	would	take	four-dimensions	to	plot	a	
complete	phase	space	plot.		If	the	KE2/a1	pattern	was	retraced	exactly	time	after	
time	so	as	to	produce	a	single	line	it	indicates	that	the	behavior	was	perfectly	
periodic.		It	doesn’t	matter	how	complex	that	pattern	it,	just	that	it	repeat	exactly.		If	
it	did	not	repeat	exactly,	just	approximately,	I	labeled	it	quasi-periodic.		Below	are	
three	slides	comparing	perfectly	periodic,	quasi-periodic	and	chaotic	behavior.	
	
Slide	95	shows	perfectly	periodic	behavior	which	requires	the	trace	to	follow	a	thin	
line	as	it	draws	the	pattern	time	after	time.		Note	the	symmetry	in	the	plot	at	right.		
Note	also	that	the	behavior	during	any	given	period	can	be	complex	comprised	of	
different	height	and	shaped	peaks.		I	liken	it	to	a	dance	with	a	sequence	of	steps	that	
repeat	exactly	time	after	time.			
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Slide	96	shows	what	quasi-periodic	behavior	looks	like.		The	images	at	left	show	
how	the	partial	phase	space	plot	develops	over	time.		The	pattern	seems	to	drift.		
The	same	general	dance	moves	repeat	but	the	steps	are	not	the	same	size	each	time.	
In	other	words	the	values	are	slightly	different	each	time	although	the	general	
pattern	stays	much	the	same.		Sometimes	the	values	drift	so	as	to	fill	the	entire	
envelope	as	shown.		Because	the	patterns	don’t	overlay	exactly,	nor	the	values	
repeat	exactly,	this	is	not	what	one	should	call	periodic	behavior.		Quasi-periodic	is	
term	I	use.		The	two	top	images	at	right	show	how	the	quasi-periodic	waveform	

Slide	95		
Perfectly	periodic	
behavior	

Pa2ern	repeats	about	every	
13	seconds	overlaying	
exactly	during	this	150	
second-long	run.	
	
Behavior	(“dance”)	during	
any	one	period	can	be	
complex.	
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looks	over	time.	There	is	often	symmetry	in	the	waveform	apparent	as	it	draws	the	
right	and	left	hand	parts	of	the	pattern.		A	waveform	that	shows	a	generally	
repeating	behavior	forms	in	long-term	plots.		The	bottom	right	shows	a	common	
form	of	quasi-periodic	behavior	where	the	traces	remain	within	well-defined	bands.		
	
It	is	tricky	to	judge	the	length	of	a	“period”	using	the	ke2/a1	plots	when	the	system	
is	quasi-periodic.		After	finding	that	the	system	was	not	perfectly	periodic	even	at	
very	low	energy	levels	like	setting	a1	to	0.1	degree	it	was	judged	that	the	double	
pendulum,	at	least	these	configurations,	is	not	consistently	periodic	at	low	energy	
levels	and	do	not	therefore	experience	period	doubling	as	does	the	iconic	logistics	
equation.		Thus	little	effort	was	spent	trying	to	estimate	periods.		It	is	however	
perfectly	periodic	at	some	particular	energy	levels	and	quasi-periodic	above	and	
below	those	levels.			
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Slide	97	shows	what	chaotic	plots	look	like.		Note	that	given	enough	time	some	
forms	of	quasi-periodic	behavior	fill	the	entire	envelope	with	traces	just	like	chaos	
does.			
	

Slide	96		
Quasi-periodic	
behavior	
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Figure	90	illustrates	the	difference	between	the	waveform	of	simple	periodic	
behavior	and	the	complex	waveforms	applicable	to	the	double	pendulum.		If	
behavior	is	perfectly	periodic	any	given	peak,	like	the	one	marked	“A”	will	be	exactly	
the	same	height	during	every	period.	
	
		
	

Slide	97		
Chao%c	behavior	
	

Le.-hand	plots	show	how	par%al	phase	
space	plot	developed	over	%me	to	fill	
en%re	envelop.		Right-hand	plots	show	
how	KE2	waveform	looked	over	different	
%me	intervals.	Calms	marked	in	green,	
spikes	in	red.	

Runs	made	with	default	values:		L1,L2,M1,M2=1.		a2=0.		drag=0	
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If	a	system	has	a	pattern	of	behavior	that	repeats	from	one	period	to	another	then	it	
future	behavior	any	time	in	the	future	can	be	predicted.		If	it	were	perfectly	periodic	
its	exact	values	at	any	future	time	could	be	predicted,	assuming	we	knew	the	shape	
of	the	waveform	based	on	historical	observation	and	knew	where	we	were	on	that	
waveform.		If	it’s	nearly	periodic	or	quasi-periodic	then	we	may	be	able	to	predict	
the	pattern	of	behavior	around	some	future	time	but	not	exact	values.			



6-15	

	
Period	doubling:	Whether	or	not	the	double	pendulum	experiences	period	
doubling	could	not	be	absolutely	confirmed	or	denied	using	these	simulations,	
although	it	seems	very	unlikely.		First	is	the	question	of	what	period-2	behavior	
would	look	like.			Would	it	be	the	same	pattern	or	waveform	–as	it	was	in	the	
logistics	equation-	but	shifted	back	and	forth	in	value?		If	so	the	trace	would	
presumably	trace	one	nice	pattern	on	the	first	pass,	an	offset	pattern	on	the	second	
pass,	and	then	return	on	the	third	pass	to	trace	a	pattern	exactly	on	top	of	the	first	
one.		This	was	never	observed.		Alternately	perhaps	the	pattern	in	period-2	behavior	
would	be	very	different	every	waveform	during	every	other	cycle.		This	was	not	
observed	either.		Finally,	as	noted	above	period-1	behavior,	that	is	a	perfectly	
periodic	waveform	or	perfectly	repeating	phase	space	plot,	was	not	found	at	low	
energy.		In	other	words	there	was	no	period-1	behavior.	
	
Dramatic	events:		When	the	logistics	equation	was	operating	chaotically	the	
population	would	sometimes	zoom	to	the	upper	limit	and	then	crash	to	near	
extinction.		I	call	this	a	dramatic	event.		Likewise	the	trace	in	the	iconic	strange	
attractor	for	the	Lorenz	equation	would	suddenly	and	randomly	move	from	one	
wing	of	the	butterfly	to	the	other.			And	the	Lorenz	waterwheel	will	suddenly	
reverse	or	start	spinning.		These	are	dramatic	qualitative	changes	in	behavior.		The	
double	pendulum	also	experiences	such	dramatic	events	when	chaotic.		At	relatively	
low	energy	the	upper	bob	swings	back	and	forth	and	the	lower	bob	swings	back	and	
forth.		Nothing	dramatic.		That	same	general	behavior	repeats	time	after	time.		On	
the	other	hand	at	high	energy	the	lower	bob	randomly	swings	right	over	the	top	
rather	than	falling	back.	I	label	these	going	over-the-top	(OTT)	events	as	dramatic	
events	since	they	mark	a	distinct	change	in	behavior.			
	
It	turns	out	that	the	presence	or	absence	of	such	dramatic	OTT	events	is	not	a	
criterion	for	deciding	whether	the	system	is	chaotic	or	not.		It	does	not	mark	the	
demark	or	threshold	between	quasi-periodic	and	chaotic	behavior	in	the	double	
pendulum.			The	system	can	become	chaotic	with	less	energy	than	it	takes	to	enable	
OTT	events	to	occur.		However	if	they	do	occur	the	system	is	chaotic,	at	least	in	the	
territory	I’ve	explored.		Most	popular	videos	about	the	double	pendulum	only	show	
this	going-over-the-top	or	spinning	behavior	because	its	quite	dramatic,	and	of	
course	looks	chaotic	in	anyone’s	eyes.	
	
	
6.4		Double	pendulum	simulation	model	
	
Introduction	to	simulation	model:	Behavior	of	the	double	pendulum	was	explored	
using	a	Java	simulation	model	written	by	Professor	Dooling	at	the	University	of	
North	Carolina	at	Pembroke.		It’s	found	at:	
http://www2.uncp.edu/home/dooling/applets/double_pen.files/tom/models/dou
blepen.html.				The	second	model	I	used	a	few	times	was	written	by	Eric	Newman	
and	is	found	at:	http://www.myphysicslab.com/dbl_pendulum.html.		
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Both	simulations	use	bobs	suspended	on	“strings”	as	opposed	to	the	metal	arms	
used	in	many	real-world	laboratory	versions.		Bobs	or	arms	behave	about	the	same	
way.		Digital	computer	models	cannot	and	do	not	precisely	replicate	real	world	
behavior.		There	is	a	possibility	these	models	contain	some	computing	artifact	that	
causes	parameter	values	to	slowly	drift	when	they	shouldn’t.		For	instance	the	total	
energy	level	in	the	Newman	model	slowly	drops	although	the	simulation	is	
supposedly	frictionless.		This	must	be	kept	in	mind	when	viewing	plots	where	the	
trace	completes	one	pattern	and	then	drifts	to	draw	a	similar	but	offset	pattern.		It	
could	be	a	computing	artifact.		Nevertheless	it’s	felt	that	most	if	not	all	drift	in	the	
Dooling	model	reflects	actual	behavior	and	not	computing	artifacts	since	there	was	
no	drift	in	several	runs.		If	the	model	were	drifting	there	wouldn’t	be	such	
exceptions.	
	
Both	models	are	easily	run	on	a	home	computer	and	its	highly	recommended	you	do	
so	since	there	is	no	substitute	for	watching	the	bobs	move	in	slow	speed	and	
watching	the	waveforms	and	patterns	evolve	over	time.			
	
Note	that	all	dynamic	variables	-such	as	angle,	position,	PE,	or	KE	interact	in	these	
dynamic	systems.		If	one	behaves	periodically,	or	chaotically,	the	others	will	all	do	
likewise.		Thus	its	not	that	important	which	one	or	ones	are	plotted	to	determine	
whether	a	system	is	periodic	or	chaotic.		The	key	thing	is	to	observe	the	waveforms	
and	patterns	and	the	extent	to	which	they	repeat	periodically.	
	
One	minor	deficiency	with	the	Dooling	model	is	that	the	lengths	and	masses	cannot	
be	set	accurately	with	the	slider	anywhere	between	its	far	right	and	far	left	
positions.		For	instance	Length	2	can	presumably	be	set	accurately	to	0.5	by	sliding	
the	slider	to	its	far	left	and	accurately	to	1.0	by	sliding	it	far	right.		However	between	
these	extremes	the	numerical	value	shown	does	not	change	accurately	as	the	slider	
moves	since	its	rounded	off.		The	length	of	the	arm	does	change	in	the	model	as	the	
slider	is	changed	but	the	value	set	in	the	box	is	rounded	off	so	does	not	represent	an	
exact	value.		Thus	only	the	only	accurate	way	to	use	the	model	is	to	have	the	slider	
far	right	or	far	left	so	for	instance	m2	is	either	0.5	or	1.0.		
	
There	are	several	things	we	want	to	explore:	

1) Are	the	movements	of	the	double	pendulum	ever	periodic	meaning	that	a	
certain	pattern	of	behavior	repeats	over	and	over	again.		If	so	what	does	
behavior	during	this	period	look	like?		We	saw	periodic	behavior	in	the	
Logistics	equation	at	low	“r”	values	and	wonder	if	the	double	pendulum	also	
behaves	periodically	at	low	energy	levels.	

2) What	is	the	nature	of	behavior,	especially	within	one	period?	
3) Does	period	doubling	occur?		It	did	in	the	Logistics	equation	and	experts	say	

it	occurs	in	other	systems	as	well.	
4) How	does	energy	in	this	system	move	between	its	different	forms?	
5) What	does	chaotic	behavior	look	like	in	the	double	pendulum?	
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6) Does	observation	of	past	behavior	offer	any	help	in	predicting	future	
behavior,	both	when	the	system	is	operating	periodically	and	when	it	is	
operating	chaotically?	

	
Other	things	of	potential	note	can	be	gleaned	form	these	simulations.		For	instance	
the	way	variables	change	is	never	abrupt	or	instantaneous	but	rather	happens	in	a	
fluid	like	manner.		This	is	because	the	pendulum	bobs	have	inertia	and	it	takes	time	
to	accelerate	them.		It	takes	time	to	convert	potential	energy	into	movement	and	
kinetic	energy.	
	
The	main	thread	I	wanted	to	explore	was	how	the	total	amount	of	energy	within	the	
system	effects	its	behavior.		Thus	a	series	of	runs	were	made	with	each	having	more	
energy	than	the	prior.		This	was	achieved	by	releasing	the	pendulum	at	a	low	angle,	
namely	5	degrees,	for	the	first	run.		Angle1	was	then	increased	until	the	last	runs	
were	made	at	170	degrees.		The	blue	bob	was	almost	always	started	at	a2=0,	that	is	
hanging	straight	down.	
	
	
Details	of	model	runs:	All	runs	assumed	a	frictionless	pendulum	so	the	total	
energy	level	in	the	system	remained	constant	during	the	run.	
	
Theoretically	we	could	track	any	variable	–	like	a1,	a2,	KE1	or	KE2-	over	time	to	
learn	if	the	system	is	operating	periodically	or	not.		However	we	would	need	to	cut	
and	paste	one	waveform	atop	another	to	see	that	clearly.		Its	easier	to	plot	one	
variable	vs.	another	over	time.		If	they	form	a	pattern	that	repeats	exactly	time	over	
time	the	system	is	perfectly	periodic.		The	pattern	make	during	the	second,	third	and	
all	subsequent	periods	will	lie	directly	atop	the	pattern	produced	during	the	first	
period	of	operation.		Generally	I’ve	chosen	to	plot	KE2	versus	angle	1	(called	theta	1	
in	the	model).		KE2	is	proportional	to	the	speed	of	the	outer	bob.		I’ve	also	included	a	
few	plots	of	angle	1	vs.	angle	2.	They	convey	the	same	information	but	are	not	as	
easy	to	interpret.			
	
The	pendulum	arms	or	bobs	do	a	complex	dance	as	it	were.		Often	following	the	
same	general	pattern	but	usually	taking	larger	and	larger	or	smaller	and	smaller	
steps	each	time.		A	system	with	even	more	moving	parts	would	probably	have	an	
even	more	complicated	dance.			
	
Its	not	necessary	to	pay	much	attention	to	all	the	different	parameters	being	
measured	in	these	simulations	or	their	values.		We	can	simply	focus	of	the	shapes	of	
the	patterns	or	waveforms	to	get	a	good	feel	for	how	the	double	pendulum	behaves.	
	
Note	how	the	parameters,	which	represent	the	initial	conditions	or	constants,	are	
set.		Most	are	default	settings	but	mass2	was	generally	set	to	0.5	in	phase	1	and	1.0	
in	phase	two.		Later	I	emphasize	that	changing	the	value	of	any	parameter,	like	
mass2,	can	alter	the	results	dramatically.		In	short	changing	the	size,	shape,	mass	or	
any	other	physical	part	of	a	system	will	change	its	behavior	just	like	changing	the	
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length	of	a	clock	pendulum	does.			A	change	in	one	of	these	so-called	constants	might	
shift	it	from	periodic	to	chaotic	operation.		Why	is	this	worth	mention?		Lets	suppose	
we	were	modeling	the	circulation	of	the	Gulfstream.		Possibly	a	change	in	one	of	the	
constants,	like	average	water	temperature	or	salinity,	or	even	maybe	water	depth	
over	some	subsurface	obstruction	would	change	the	general	pattern	of	circulation	
from	periodic	to	chaotic,	or	from	one	pattern	of	circulation	to	another.		Could	
something	that	is	happing	tip	it	over	the	threshold	into	chaos?		We	know	
accelerating	melting	of	the	Greenland	ice	sheet	is	changing	the	salinity	of	the	north	
Atlantic.		I	have	no	specific	knowledge	about	this	situation	and	this	is	purely	a	
hypothetical	and	over	simplified	notion.		We	simply	note	that	the	behavior	of	a	
system	is	constrained	by	its	physical	barriers	or	dimensions	as	well	as	by	total	
energy.		It	must	operate	within	those	limits.		Change	those	limits	and	the	behavior	
will	change	in	response.	
	


